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PEEFACE. 



This treatise on the Special or Elementary Geometry consists of 
four parts. 

Part I. is designed as an introduction. In it the student is made 
familiar with the geometrical concepts, and with the fundamental 
definitions and facts of the science. The definitions here given, are 
given once for all. It is thought that the pupil can obtain his first 
conception of a geometrical fact, as well, afc least, from a correct, 
scientific statement of it, as from some crude, colloquial form, the 
language of which he will be obliged to replace by better, after the 
>^ former shall have become so firmly fixed in his mind, as not to be 

5 easily eradicated. No attempt at demonstration is made in this part, 

^' although most of the fundamental facts of Elementary Plane Geom- 

etry are here presented, and amply and familiarly illustrated. This 
\ course has been taken in obedience to the canon of the teacher's art, 

Vy which prescribes " facts before theories." Moreover, such has been 

^ the historic ordcK of development of this, and most other sciences ; 
viz., the facts have been known, or conjectured, long before men have 
been able to give any logical account of them. And does not this 
indicate what may be the natural order in which the individual mind 
will receive science ? When the student has become familiar with 
the things (concepts) about which his mind is to be occupied, and 
knows some of the more important of their properties and relations, 
he is better prepared to reason upon them. 

Part II. contains all the essential propositions in Plane, Solid, and 
Spherical Geometry, which are found in our common text-books, with 
their demonstrations. The subject of triedrals and the doctrine of 
the sphere are treated with more than the ordinary fullness. The 
earlier sections of this part are made short, each treating of a single 
subject, and the propositions are made to stand out prominently. At 
the close of each section are Bxercises designed to illustrate and 
apply the principles contained in the section, rather than to extend 
the pupil's knowledge of geometrical facts. These features, together 
with the synopses at the close of the sections, practical teachers can- 
not fail to appreciate. 
Part III., which is contained only in the University Edition^ has 



been vritten with special reference to the needs of stodents in the 
University of Michigan. Onr admirable system of pnbiio High- 
Schools, of which schools there is now one in almost every consid- 
erable Tillage, promises ere long to become to aa something near 
■what the German Gymnasia are to their Universities. In order to 
promote the legitimate development of these schools, it ia necessary 
that the University resign to them the work of instruction in the 
elements of the various branches, as fast and as far as they are pre- 
pared ia sufficient nnmbera to nndertake IL It is thought that 
these schools should now give the instruction in Elementary Geom- 
etry, which has hitherto been given in our ordinary college course. 
The first two parts of this volume fumiah this amount of instruc- 
tion, and students are expected to pass examination upon it on their 
entrance into the University. This amount of preparation enables 
students to extend their knowledge of Geometry, during the Fresh- 
man year in the University, considerably beyond what has hitherto 
been practicable. As a teit-book for such students, Part IIL has 
been written. At this stage of his progress, the student is prepared 
to learn to investigate for himself. Hence he is here furnished with 
a large collection of well classified theorems and problems, which 
afford a review of all that has gone before, extend his knowledge of 
geometrical truth, and give him the needed discipline in original 
demonstration. To develop the power of independent thought, is 
the most difficult, while it ia the most important part of the teach- 
er's work. Great pains have therefore been taken, in this part 
of the work, to render such aid, and only sui^, as a student onght to 
reqoire in advancing from the stage in which he has been follow- 
ing the processes of others, to that of independent reasoning. In 
the second place, this part contains what is usually atyled AppUca- 
tions of Algebra to Geometry, with an extended and carefully selected 
range of examples in this important anbjeet. A third purpose has 
been to present in this part an introduction to what is often spoken 
of as the Modern Geometry, by which is meant the results of modem 
thought in developing geometrical trnth upon the direct method. 
While, as a system of geometrical reasoning, this Geometry is not 
philosophically different from that with which the stndent of Euclid 
is familiar, and which is properly distinguished as the special or direct 
method, the character of the facts developed is quite novel. So 
much so, indeed, that the student who has no knowledge of Geometry 
but that which our common text-books furnish, knows absolutely 
nothing of the domain into which most of the bnlliant advances of 
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the present century have been made. He knows not even the terms 
in which the ideas of such writers as Poncelet, Chasles, and Sal- 
moist, are expressed, and he is quite as much a stranger to the thought. 
In this part are presented the fundamental ideas concerning Loci, 
Symmetry^ Maxima and Minima, Isoperimelry, the theory of Trans- 
versals, Aniiarmonic Ratio, Polar s^ Radical Axes, and other modern 
views concerning the circle. 

Part IV. is Plane and Spherical Trigonometry, with the requisite 
Tables. While this Part, as a whole, is much more complete than the 
treatises in common use in our schools, it is so arranged that a shorter 
course can be taken by such as desire it. Thus, for a shorter course in 
Plane Trigonometry, see Note on page 55. In Spherical Trigono- 
metry, the first three sections, either with or without the Introduc- 
tion on Projection, will afford a very satisfactory elementary course. 

A few words as to the manner in which this plan has been executed, 
may be important In general, the Definitions are those usually given, 
with such slight alterations as have been suggested by reflection and 
experience. There are, however, a few exceptions. Among these is 
the definition of an Angle. I can but regard the attempt to define 
an angle as The difference in direction between two lines, or The 
amount of divergence^ as needlessly vague, abstract, and perplexing 
to a student, as well as questionable on philosophical grounds. The 
definition given in the text will be seen to be, at bottom, the old 
one, the conception being slightly altered to bring it into more close 
connection with common thought, and also with the idea of an angle 
as generated by the revolution of a line. As to Parallels, and the 
definition of similarity, my experience as a teacher is decidedly in 
favor of retaining the old notions. So also in adopting a definition 
of a Trigonometrical Function, I am compelled to adhere to the 
geometrical conception. A ratio is a complex concept, and conse- 
quently not so easy of application as a simple one. For this reason, 
among others, I prefer the differential to the differential coefficient^ 
in the calculus, and a line to a ratio, in Trigonometry. Moreover, I 
have found that students invariably rely upon the geometrical con- 
L»eption, even when first taught the other ; hence I am not surprised 
that all our writers who define a trigonometrical function as a ratio, 
hasten to tell the pupil what it means, by giving him the geometrical 
illustrations. Nor are the superior facility which the geometrical 
conception affords for a full elucidation of the doctrine of the signs 
of the functions, and its admirable adaptation to fix these laws in the 
mind, considerations to be lost sight of in selecting the definition. 
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Surely no apology lA needed, at the present day, for introducing 
the idea of wo/io» into Elementary Geometry, notwithstanding the 
rigorous and disdainful manner with which its entrance was long re- 
sisted hy the old Geometers. And, haying admitted this idea, the 
conception of loci as generated by motion would seem to follow as a 
logical necessity. In like manner, I take it, the Infinitesimal 
method must come in. Its directness, simplicity, and necessity in 
applied mathematics, demand its recognition in the elements. In 
two or three instances, I have presented the reductio ad absurdum, 
where the methods are equivalents, and have always in presenting the 
infinitesimal method woven in the idea of limits, which I conceive to 
be fundamentally the same as the infinitesimal Thus we bring the 
lower and higher mathematics into closer connection. 

The order of arrangement in Plane Geometry (Chap. I.), is thought 
to be simple, philosophical, and practical. A glance at the table of 
contents will show what it is. This arrangement secures the 
very important result, that each section presents some particulai 
method of proof and holds the student to it, until it is familiar. 
True, it requires that a larger number of propositions be demonstrated 
from fundamental truths ; but who will consider this an objection ? 

To such as consider it the sole province of geometrical demonstra- 
tion, to convince the mind of the truth of a proposition, not a few 
theorems in these and ordinary pages must seem quite superfluous. To 
them. Prop. I., page 121, may afibrd some merriment. But those who, 
with myself, consider Geometry as a branch of practical logic, the 
aim of which is to detect and state the steps which actually lie be- 
tween premise and conclusion, will see thepropriety of such demonstra- 
tions; a.nd for each individual of the other class, a separate treatise 
will be needed since no two minds will intuitively grant exactly the 
same propositions. 

To Ex-President Hill, of Harvard, I am indebted for the confir- 
mation of an opinion which had been previously forming in my mind, 
that the study of Geometry as a branch of logic, should be preceded 
by a presentation of its leading facts. The works of Compagnon", 
Tappak, and our lamented countryman, Chauvenet, have been 
within reach during the entire work of preparation, and this volume 
would have been different, in some respects, if any one of these able 
treatises had not appeared before it. 

In the preparation of Part HI. the works of Eouchb et Combe- 
BOUSSE and Mulcahy have been freely used. For the very concise 
and elegant form in which the principle of Delambre, for the pre- 
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cise calculations of Trigonometrical Functions near their limits, is 
embodied in Table III., I am indebted to the recent work of Presi- 
dent Eli T. Tappan, of Kenyon College, Ohio. 

My long and intimate intercourse with Professor G. B. Mebbiman', 
now of the department of Physics in the University, has been a 
source of great profit to me in the preparation of the entire work. 
His sound, practical judgment as a teacher of Geometry, and culti- 
vated taste and skill as a Mathematician, have been ever at my ser- 
vice, and have done more than I can tell, in giving form to the work, 

both as respects its matter and its spirit 

Edwabd Olistbt. 

Unitkcsitt of Michisam, 

Ann Abbob, January^ 1872. 
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SECTION I. 
logico-mathemahcal terms.* 

j2» a Proposition is a statement of something to be considered 
or done. 

III. — ^Thus, the common statement, "Life is sbort," is a proposition; so, 
also, we make, or state a proposition, when we say, " Let us seek earnestly after 
truth." — '* The product of the divisor and quotient, plus the remainder, equals 
the dividend," and the requirement, ** To reduce a fraction to its lowest terms," 
are examples of Arithmetical propositions. 

2* Propositions are distinguished as Axioms, Theorems^ Lemmas, 
Corollaries, Postulates, and Problems, 

3. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

III. — Thus, " A part of a thing is less than the whole of it," " Equimultiples 
of equals are equal," are examples of axioms. If any one does not admit the 
truth of axioms, when he imderstands the terms used, we say that his mind is 
not sound, and that we cannot reason with him. 

4. A Theorem is a proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 

III. — " If the same quantity be added to both numerator and denominator 
of a proper fraction, the value of the fraction will be increased," is a theorem. 
It is a statement the truth or falsity of which we are to determine by a course 
of reasoning. 

* That 18, terms used in the seience in. oonteqaence of its logical character. The scleAce of 
the Pare Mathematics maj be considered as a department of practical logic. 
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LOOICO-MATHEMATICAL TERMS. 



S» A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells how a thing is done : a demon- 
stration tells why it is so done. A demonstration is often called 
proof. 

6. A Lemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 

III. — Thus, in order to demonfttrate the rule for finding the greatest common 
divisor of two or more numbers, it may be best first to prove that " A divisor 
of two numbei-s is a divisor of their sum, and also of their difference." This 
theorem, when proved for such a purpose, is called a Lemma, 

The term Lemma is not much used, and is not very important, since most 
thet)rems, once proved, become in turn auxiliary to the proof of others, and 
hence might be called lemmas. 

7. A Corollary is a subordinate theorem which is suggested, 
or the truth of which is made evident, in the course of the demon- 
stration of a more general theorem, or which is a direct inference 
from a proposition, or a definition. 

III. — Thus, by the discilssion of the ordinary process of performing subtrac- 
tion in Arithmetic, the following CcToUary might be suggested : " Subtraction 
may also be performed by addition, as we can readily observe what number 
must be added to the subtrahend to produce the minuend." 

8* A Posttdate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

III. — Quantities of the same kind can be added together. 

9. A Problem is a proposition to do some specified thing, and 
is stated with reference to developing the method of doing it. 

III. — A problem is often stated as an incomplete sentence, as, " To reduce 
fractions to a common denominator." — This incomplete statement means that 
" We propose to show how to reduce fractions to a common denominator." 
Again, the problem " To construct a square," means that ** We propose to draw 
a figure which is called a square, and to tell how it is done." 

10. A JEtvle is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 
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11. A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. . 

12. A Scholium is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it. 

III.— Thus, after having discussed the subject of multiplication and division 
in Arithmetic, the remark that *' Division is the converae of multiplication " is 
a scholium. 



SYNOPSIS. 



Subject of the section. 

Proposition. lU. 

Varieties of propositions. 

Axiom. lU. 

One who will not admit the truth 

of axioms. 
Theorem. HL 
Demonstration. Difference between 

a solution and a demonstration. 



Lemma. lU. Why the term is unim- 
portant. 
Corollary. Hi. 
Postulate, m. 
Problem. How stated. HI. 
Rule. 
Solution. 
Scholium. lU. • 
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THE GEOMETRICAL CONCEPTS.^ 



POINTS. 

13. A Foint is a place without size. Points are designated by 
letters. 

III. — If we wish to designate any particular point (place) on the paper, we 
put a letter by it, and sometimes a dot on it. Thus, ^ 

in Fig. 3, the ends of the line, which are points, are bp 

designated as *' point A,** " point D ;" or, simply, 
as A and D. The points marked on the line are 
designated as " point B," " point C," or as B and a 
C. F and E are two points above the line. 
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* A concept ie a thing tboaf^bt abont ;~-a thought-object. Thus, in Arithmetic, nnmber is 
the concept ; in Botai^y. p!nntf» : in Geometry. a«» will appear in this section, points, lines, and 
aolidi». These may alit«o be (*aid to conKtltiite the suliject-malter of the science. 
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UNES. 

14. A lAne is the path of a point in motion. Lines are repre- 
sented upon paper by marks made with a pen or pencil, the point of 
the pen or pencil representing the moving point. A line is desig- 
nated by naming the letters written at its extremities, or somewhere 
upon it. 



III. — 



In each 



B 




case in Fig, 4, conceiye a point to start from A and move along 
the path indicated by the mark to B. The path 
thus traced is a line. Since a true point has no 
size, a line lias no breadth^ though the marks by 
which we represent lines have some breadth. 
The first and third lines in the figure are each 
designated as " the line AB." The second line 
is considered as traced by a point starting from 
A and coming around to A again, so that B and A 
coincide. This line may be designated as the 
line AmnAj or AmnB. In the fourth case, there 
are three lines represented, which are designated, 
respectively, scs AmB, AnB^ and AcB; or, the 
last, as AB. 

15, Lines are of Two. JKinds, 

Straight and Curved. A straight line is 
also called a Right Line. A curved lino 
is often called simply a Curve. 

16. A Straight Idne* is a line 
traced by a point which moves constantly 
in the same direction. 



17* A Curved Line is a line traced by a point which con- 
stantly changes its direction of motion. 

iLL'a — Thus in 1, Fig. 4, if the line AB is conceived as traced by a point 
moving from A to B, it is evident that this point moves in the same direction 
throughout its course; hence AB is a straight line. If a body, as a stone, be 
let fall, it moves constantly toward the centre of the earth ; hence its path 
represents a straight line. If a weight be suspended by a string, the string 
represents a straight line. Considering the line represented by AtB, 2%. 4, as 
the path of a point moving from A to B, we see that the direction of motion is 
constantly changing. For example, if this were a line traced on a map, we 



* The word **line^* njsed alone eignifles ** straight Une.^ 
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would say, that, startiog fh)m A, the pomt bcgms to move nearly north, bnt 

keeps changing its du*ection more and more toward the east, until at 3 it moves 

directly east; and from 3 it continues to change its course and moves 

more and more toward the south, till at i it is moving directly south. The 

same general ti'uth is illustrated in 2 and 4, Fig. 4. The path of a ball thrown 

into the air, in any direction except directly up, represents a curved line. Most 

of the lines seen in nature are curved, as 

the edges of leaves, the shore of a river m 

or lake, etc. Sometimes a path like that 

represented in Fig. 5 is called, though im- ^ n< o 

properly, a Broken Line. It is not a line ^®' ^ 

at all ; that is, not one line : it is a series of straight lines. 





SUBFA€ES. 
18* A Surface is the path of a line in motion.* 
19* Surfaces are of Two Kinds, Plane and Curved. 

20. A Plane Surface ^ or simply a Planey is a surface with 
which a straight line may be made to coincide in any direction. 
Such a surface may always be conceived as the path of a straight 
line in motion. 

21. A Curved Surfa^^ is a surface in which, if lines are 
conceived to be drawn in all directions, some or all of them will 
be curved lines. 

Ill's. — ^Let AB, FKg. 6, be supposed to move to the right, so that its extremi- 
ties A and B move at the same rate and in the 
same direction, A tracing the line AD, and B, the 
line BC. The path of the line, the figure ABCD, 
is a surface. This page is a surface, and may be 
conceived as the path of a line sliding like a ruler 
fh)m top to bottom of it, or from one side to the 
other. Such a path will have length and breadth, 
being in the latter respect unlike a line, which has ^^- ^* 

only length. 

As a second illustration, suppose a fine wire bent into the form of the 
curve AmB, Fi§. 7, and its ends A and B stuck into a rod, XY. Now, taking tlie 
rod XY in the fingers and rolling it, it is evident tiiat the path of the line 
represented by the wire AwB, will be the surface of a ball (sphere). 

• Shoiild it be said that irregalar sarfbces are not included in this definition, the snAcient 
reply ia, tliat each earfitces are not aobjecta of Geometrical investigation, except approxi* 
mately, bj means of regular snrfiiceB. 
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Again, suppose the rod XY be placed on the surface of this papei- so 

that the wire AmB shall stand straight up 
from the paper, just as it would be if we 
could take hold of the curve at m and raise 
it right up, letting XY lie as it does in the 
figure. Now slide the rod straight up or 
down the page, making both ends move at the 
same rate. The path of AtwB will be like the 
surface of a half-round rod (a semi-cylinder). 

Thus we see how surfaces plane and curved may be conceived as the paths of 

lines in motion. 
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Ex. 1. If the curve AwB, F%g» 8, 
be conceived as revolved about 
the line XY, the surface of what 
object will its path be like ? 




Ex. 2. If the figure OMNP, Fig, 9, be 
conceived as revolved about OP, what kind 
of a path will MN trace? What kind of 
paths will FN and OM trace? 

An%, One path will be like the surface 
of a joint of stove-pipe, L e., a cylindrical 
surface ; and one will be like a flat wheel, 
i. e,, a circle. 
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Ex. 3. If you fasten one end of a cord at a point in the ceiling and 
hang a ball on the other end, and then make the ball swing around 
in a circle, what kind of a surface will the string describe ? 

[Note. — The student is not necessarily expected to give the geometrical 
name of the surface, but rather to tell in his own way what it is like, so as to 
make it clear that he conceives the thing itself] 

Ex. 4. If you were to draw lines in all directions on the surface of 
the stove-pipe, might any of them be straight ? Could all of them 
be straight ? What kind of a surface is this, therefore ? 

Ex. 5. Can you draw a straight line on the surface ofa ball ? On 
the surface of an egg ? What kind of surfaces are these ? 

Ex. 6. When the carpenter wishes to make the surface of a board 
perfectly flat, he takes a ruler whose edge is a straight line, and lays 
this straight edge on the surface in all directions, watching closely 
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to see if ir always touches. Which of our definitions is he illus- 
trating by his practice ? 

Ex. 7. When the miller wishes to make flat the surface of one of 
the large stones with which wheat is ground into flour, he sometimes 
takes a ruler with a straight edge, and smearing the edge with paint, 
applies it in all directions to the surface, and then chips off the stone 
where the paint is left on it. What principles is he illustrating ? 

Ex. 8. How can you conceive a straight line to move so that it 
shall not generate a surface ? 



ANGLES. 

22* A Plane Angle^ or simply an Angle, is the opening be- 
tween two lines which meet each other. The point in which the 
lines meet is called the vertex^ and the lines are called the sides* 
An angle is designated by placing a letter at its vertex, and one at 
each of its aides. In reading, we name the letter at the vertex when 
there is but one vertex at the point, and the three letters when there 
are two or more vertices at the same point. In the latter case, the 
letter at the vertex is put between the other two. 

III. — In common language an 
angle is called a comer. The 
opening between the two lines 
AB and AC, in which the figure 1 
stands, is called the angle A ; or, 
if we choose, we may call it the 
angle BAC. At L there are two 
vertices, so that were we to say 
the angle L, one would not know 
whether we meant the angle (cor- 
ner) in which 4 stands, or that in 
which 5 stands. To avoid this 
ambiguity, we say the angle HLR 
for the former, and RLT fbr the 
latter. The angle ZAY is the cor- 
ner in which 11 stands ; that is, 
the opening between the two 
lines AY and AZ. In designating 
an angle by three letters, it is im- 
material which letter stands first 
so that the one at the vertex is 
put between the other two. Thus, 
PQS and SQP are both designa- 
tiODS of the angle in which 6 
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stands. An angle is also frequently designated by patting a letter or fignrc in 
it and near the vertex. 

23. The Size of an Angle depends upon the rapidity with 
which its sides separate, and not upon their length. 

III. — The angles BAC and MON, Fig. 10, are equal, since the sides separate 
at the some rate, although the sides of the latter are more prolonged than those 
of the former. The sides DF and DE separate fiister than AB and AC» hence the 
angle EDF is greater than the angle BAC. 

24* Adjacent Angles are angles so situated as to haye a com- 
mon vertex and one common side lying between them. 

III. — In Fig. 10, angles 4 and 5 are adjacent, since they have the common 
vertex L, and the common side LR. Angles 9 and 10 are also adjacent, as are 
also 8 and 9. 

25. Angles are distinguished as Right Angles and Oblique Angles. 
Oblique angles are either Acute or Obtuse. 

26. A Right Angle is an angle included between two straight 
lines which meet each other in such a manner as to make the adja- 
cent angles equal. An Acute Angle is an angle which is less 
than a right angle, i, e., one whose sides separate less rapidly. 
An Obtuse Angle is an angle which is greater than a right angle, 
u 6., one whose sides separate more, rapidly. 



B 



III. — ^As in common language an angle is called 
a comer, so a right angle is called a square comer ; 
an acute, aMarp corrver; and an obtuse angle might 
be called a blunt comer. In Fig, 11, BAC and 
DAB are right angles. In Fig, 10, 1, 2, 3, 5, 8, 9, 
and 10 are acute angles, 4 and 6 are obtuse, and 7 is 
a right angle. 



A 

Fig. 11. 



A SOLID. 

27 • A Solid is a limited portion of space. It may also be con- 
ceived as the path of a surface in motion. 

III. — Suppose you have a block of wood like that represented in Fig, 12, 
with all its corners (angles) square corners (right angles). Hold it still in your 



A SOUD. 




Fie. 13. 



fingers a moment, and fix your mind 
upon it Now take the block away and 
think of the space (place) where it was. 
This space will be of just the same form 
as the block of wood, and by a little ef- 
fort you can think of it just as well as of 
the wood. This »pace is an example of 
what we call a SoUd in Geometry. In 
fact) the solids of Geometry are not solids 
at all in the common sense of solids ; they are only places of certain thapes. 

Again, hold your ball still a moment in your fingers and then let it drop, and 
think of the place it filled when you had it in your fingers. It is this fiance, 
shaped just like your ball, that we think about, and talk about as. a ^oilidy in 
Geometiy. 

In order to see how a solid may be conceived as the path of a surface, sup- 
pose you cut out a piece of paper of just the same size as the end of the block 
represented in Pig. 12. Let ABCD represent this piece of paper. Now, holding 
the paper in a perpendicular position, as ABCD is represented in the figure, 
more it along to the light, so that its angles shall trace the lines AC, BH, DE, 
and CF. When the paper has moved to the position CHFE, its path will be 
just the same space as the block of wood occupied. This path, or the space 
through which the sm'fece represented by the piece of paper moved, is the solid. 

Ex. 1. If a semicircle is conceived as revolved around its diameter, 
what is the path through which it moves ? See Fig, 7. 

Ex. 2. If the surface OMNP, Fig, 9, is conceived as revolved around 
OP, what is the path through which it moves ? 

Caution. — The student needs to be careful and distinguish between the 
sufface traced by the Une MN, and the solid traced by the surface OMNP. 

Ex. 3. If the surface represented by ABC be con- ^ 
ceived as revolved about its side CA, what kind of 
a SQlid is its path ? 

[Note. — As has been said before, the student is not 
necessarily expected to name these solids, but rather to 
show, in his own language, that he has the conception.] 

Ex. 4. As you fill a vessel with water, what is the A 
solid traced by the surface of the water ? 
Ans, The same as the space within the vessel. 

Ex. 5. If a circle is conceived as lying horizontally, and then 
moved directly up, what will be the solid described, t. e., its path ? 
Do not confound the surface described with the solid. What de- 
scribes the surface ? What the solid ? 
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EXTENSION AND FORM. 

28. JEoctension means a stretching or reaching oui Hence^ a 
Point has no extension. It has only position (place). A Line 
stretches or reaches out, hut only in length, as it has no width. 
Hence, a line is said to have One Dimension, viz., length. A Surface 
extends not only in length, hut also in breadth ; and hence has 
Two Dimensions, viz., length and breadth. A Solid has Three Di- 
mensions, viz., length, breadth, and thickness. 

III. — Sappose we think of a point as capable of stretching out (extending) 
in one direction. It would become a line. Now suppose the Ime to stretch out 
(extend) in another direction — to widen. It would become a sur&ce. Finally, 
suppose the surface capable of thickening, that is, extending in another direc- 
tion. It would become a solid. 

29* The Limits (extremities) of a line are points. 
The Limits (boundaries) of a surface are lines. 
The Limits (boundaries) of a solid are surfaces. 

30. Magnitude (size) is the result of extension. Lines, sur- 
faces, and solids are the geometrical magnitudes. A point is not a 
magnitude, since it has no size. The magnitude of a line is its 
length ; of a surface, its area ; of a solid, its volume. 

• 

31. Figure or Form (shape) is the result of position of 
points. The form of a line (as straight or curved) depends upon the 
relative position of the points in the line. The form of a surface (as 
plane or curved) depends upon the relative position of the points 
in it. The form of a solid depends upon the relative position of the 
points in its surface. Lines, surfaces, and solids are the geometrical 
figures.* 

III. — In Mg, 14, it is easy to conceive the form of the lines by knowing the 

position of pointa in the lines. By taking a 

quantity of common pins of diflferent lengths, 

, ^ sticking them upright in a board, and conceiv- 

i / \ ing the heads to represent points in a surface, 

\ / \ j we can readily see how the position of the pointa 

in a surface determine its form. 
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Ex. 1. Suppose a line to begin to cou- 



* Lines, enrAicee, and solids are called magnitades when reference is tMd tQ their easUtU^ 
and flgores when reference is had to their/orm. 
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tract in length, and continue the opera; 
longer, what doe^ it become ? That is, ^ 
line? 

Ex. 2. If a surface contracts in one 
reaches its limit, what does it become ? 
in both dimensions, what does it become 

Ex. 3. K a solid contracts to its limit i 
it pass into ? K in two dimensions ? If 

Ex. 4 What kind of a surface is tha 
equally distant from a given point ? 

32m Geometry treats of magnitude 
extension and position. 

The Oeomeirical Concepts are points, 
plane and spherical angles), and solids (ii 

The Object of the science is the measui 
these concepts. 

Plane Oeomelry treats of figures all of whose ] 
Solid Geometry, called also Geometry of Space, and 
treats of figures whose parts lie in different -plai 
into two chapters is founded upon this distinct 
Geometry these divisions are marked by the tej 
"^ Of Lod in Space."* 



s 

o 

o 
o 

< 

« 
O 



Point 



• • • • I 



LiNB 



SuiiTACB. 



SYNOPSIS. 

What — ^How designated. — lU. 

Dimensions of. 

Limit of Line. — Surfisu>e. — Solid. 



(What 
How designated. 
Dimensions of. 
Limit of Surface. 

( Straight— What— IQL 
Kinds < Curved.— What— /BL 
( Broken (?). 



What 

Dimensions o£ 

Limit of Solid. 

TTj^^o J Plane.— What— i». 

^*^^ \ Curved.— What— iff. 

( What — Size depends on i 
Angle \ ( Right-^What- , 



, Solid What— iB.— Examples. 
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Treats of i Magnitude.— Whi 

i-reats oi ^ Figure or form.- 

Concepts.- "VTJi^t 
L Objectr^rWhftf. 
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A FEW OP THE MOKE IMPOBTANT PACTS OP THE 

SCIENCE. 



SECTION I. 
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33. JProb* — To measure a straight line with the dividers and 

scale. 



-F 



SoLunoiff.— Let AB, 1^, 15, be the line to be measured. Take the dividers. 

Fig, 1 (frontispiece), and placing 
' the sharp point A firmly upon 

HQ the end A of the line AB, open 

the dividers till the other povit 
B (the pencil point) just reaches 
the other end of the line B. 
Then letting the dividers re- 
M iK main open just this amount, 
place the point A on the lower 
end of the left hand scale, as at 0, Fig. 1, and notice where the point B reaches. 
In this case it reaches 3 spaces beyond the figure 1. Now, as this scale is 
iiw^es and tenths of inches * tlie line AB is 1.3 inches long. 
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j^x. 1. What is the length of CD ? 
Jl}?. 2. What is the length of EF ? 
Ex, 3. What is the length pf QH ? 
Ex. 4. What is the length of IK > 
Ex. 5. Draw a line 3 inches long, 
Ex. 6. Draw a line 2.15 inphea long, 
Ex. 7. Draw a line 1.25 inches long. 
Ex. 8. Draw a line .85 of an ii^ch loii|^ 



Ans, .15 of a foot. 

Ans. .75 of an inch* 

Ans. H inches. 

Ans. .18 of a foot. 



• The next scale to the right Is divided into lOt^ ftnd lOOths of a foot. Thna f^m p to 10 
is 1 tenth of a Ibot, and the flmaUer diTisione are hnndfodtl^f . 
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' [Note. — Suppose a fine elastic cord were attached by each of its ends to the 
points A and B of the dividers ; when they were opened so as to reach from 
C to D, Fig. 15, tlie cord would represent the line CD. Now applying the di- 
viders to the scale is the same as laying this cord on the scale. Without the 
cord, we can imagine the distance between the points of the dividers to be a line 
of the same length as CD.] 

Ex. 9. Find in the same way as above the length and width of this 
page. Also the distance from one comer (angle) to the opposite one 
(the diagonal). ^ 



34. Frob.—Tofi7id the sum of two lines. 

Solution.— To find the sum of AB and CD, !♦ first draw the indefinite line 
Ex, With the dividera I obtam the length of AB, by placing one pomt on A 

and extending the other to B. ai 'B 

This length I now lay off on the 
indefinite line Ea;, by putting one 
point of the dividers at E and 



C» ' ' P 



F G ^ 

with the other marking the point Fio. l& 

F. EF is thus made equal to AB. 

In the same manner taking the length of CD with the dividers, I lay it off from 

F on the line Fa;. Thus I obtain EG=EF + FG=AB + CD. Hence, the sum of 

AB and CD is EG. 

[NoTB. — ^The student may measure EC by (33) and find the sum of AB and 
CD in inches or feet ; but it is most important that he be able to look upon EC 
as the sum itself.] 

Ex. 1. Find the sum of AB and EF, Fig. 15. 
Ex. 2. Find the sum of EF, CD, and GH, Fig. 15. 

Ex. 3. Make a line twice as long as CD, Fig. 16. Three times as 
long. 

35. JProh* — To find the difference of two lines. 

Solution.— To find the difference of AB and CD, I take the len^fh of the 
less line AB with the dividers ; and placing ^ 
one point of the dividers at one extremity 

of CD, as C, make Ce = AB. Then is eO C i ■ » ' I D 

the difference of AB and CD, since eO = Fm. 17. . 

CD — C« = CD - AB. 

Ex. 1. Find the difference of IK and EF, Fig. 15. 
Ex. 2. Find the difference of CH and CD, Fig. 15. 

* TheM elementary golutiong are eometimes pat iii the tiogolar, at the moft limplt stjle. 
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Ex. 3. Find how macb longer IK, Pig. 15, is than the snm of EF, 
Mg. 15, and CD, Fiff. 16. 
£x. 4. Find the difference of the Bum of AB and CH, and the 

Bum of CD and EF, Fig. 15. 



36. Prob. — To compare the length* of two lines ; that is, to find 
their raito (approximalely*). 

SOLDTIOH.— To compare tlie leogtliB of AB and CO, 1 )iiy off AB, ibo shorter, 
upon CD, as Co. (If AB coulil be 
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'fffO applied twu or luortj timea to CO, 
I sboald apply it as many times as 
CO would contain it) Now I apply 
tlie remainder of CD, viz., oD, to AB, 
as many times ae AB will contain It, 
whiuli is once with tlie. remainder AB. This remainder I now apply to oO, and 
And it contained once with a remainder eO. Again, I apply this last reminder 
to hB, and find it contained twice nitb a remainder dB. Tliis last remainder I 
now apply to dO, and find it contained 3 times, without any remainder. This 
last measure, iffi, is a common measure of the two lines. Calling dS 1, 1 now 
obserre that 

dB = 1; 

eO =adB= S; 

bd =2oD=e; 

M =bB = bd + dB = 7; 

oO = ae + cD = 10; 



CD = Co -H aO = AB + oO = 

line 

is i} of CD; 



Hence the lines AB and CD are to each other as tbe numbers 17 and S7 ; AB 
i i} of CD; or, expressed in the form of a proportion, AB : CD : ; 17 : 27. 
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I^ 3. Findy as aboye, the approximate ratio of EF to CH, Fig. 15. 

Ratio f 1 : 2. 

Ex. 4 Find, as above, the approximate ratio of EF to CD, Fig. 15. 

Ratio, 5 : 12. 



37. To Intersect is to cross; and a crossing is called an 
intersection. 

38. To Bisect anything is to divide it into two eqttal parts. 
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39. Frob. — To bisect a given line. 

Solution. — To bisect the line AB, I take the dividers; and opening them 
so that the line between their points is more than 
half as long as AB, I place the sharp point A on 
the point A, and holding it firmly there, make a 
little mark with the pencil point B, as nearly as I 
can guess, opposite the middle of the line. Then, 

being careful to keep the dividers open just the jsj 

same, I place the sharp point on B, and make a 

mark intersecting the first one, as at m. Now, 

doing just the same on the other side of the line, 

I make two marks intersecting each other, as at n. 

Finally, I draw a line from m to n, and where this 

line crosses AB is its middle point; that is, AO is equal to OB. [Why this is 

so we do not propose to tell now. The student needs only to learn how to do 

it He should measure AO and OB, and thus test the accuracy of his work.] 
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Ex. 1. Is it necessary that the dividers he opened just as wide 
when the marks are made through n, as when they are made 
through m? Try it 

Ex. 2. Suppose you make the marks through m as directed, hut, 
in making those through n, you have the 
dividers wider open when you put the point 
on A than when you put it on B ; will the 
line joining m and n then cross AB in the 
middle ? If not, on which side of the mid- 
dle will O be ? Try it. 

Ex. 3. Can you bisect a line by making ^ 
the marks all on one side of it ? If so, do it. 
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40. Axiam.* — A straight line is the shortest path between ttoo 
points. 

III.— If a cord Is $ireUhed acroes the table, it marks a straight line. In this 
way the carpenter marks a straight line. Haying rubbed a cord, called a chalk- 
line, with chalk, he stretches it tighUy from one point to another on the surfaces 
upon which he wishes to mark the line, and then raising the middle of the 
cord, lets it snap upon the surface. So the gardener makes the edges of his 
paths straight by stretching a cord along them. These operations depend upon 
the principle that when the line between the points is the shortest possible, it 
is straight 

4:1. AoGiOfn. — Two points in a straight line determine its 
position. 

III.— I£4he former wants a straight fence built, he sets two stakes to mark 
its ends. Frr»m these its entire course becomes known* This is the principle 
upon which aligning (or sighting) depends. Having given two points in the 
required line, by looking in the direction of one from the other, we look along a 
straight line, and are thus able to locate other points in the line. If the points 

A and B are marked, by 
^^ "^ putting the eye at A and 

^^ J. J g ^ looking steadily towards 

'C B, we can tell whether D 

and E are in the same 
straight line with A and B, or not So we can observe tliat C and C are not 
in the line; but that C is. This process of discovering other points in a line 
with two given points is called aligning, or sighting. In this way a row of 
trees is made straight, or a line of stakes set It is the principle upon which 
the surveyor runs his lines, and the hunter aims his gun. In the latter case, 
the two sights are (he given points, and the mark, or game, is a third point, 
which the marksman wishes to have in the same straight line as the sights. 
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42* Aotdom* — Between the same two points there is one straight 
liney and only one, 

III. — Let any two letters on this page represent the situation of two points ; 
we readily see that there is one, and only one, straight path between them. 
Again, let a comer of the desk represent one point and a comer of the ceiling 
of the room represent another point ; we perceive at once that, if a point is 
conceived to pass in a straight line from one to the other, it will always trace 

* An axiom may be iihutrated, but it needs no denumstratioiu We may explain the termj» 
Qsed and elaborate the condensed statement ; bat if, when its meaning is clearly understood, 
any one does not grant the tmth of its statement, he has not a sound mind, and we cannot 
reason with him. 
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tke same path. In diort, as soon as two points are mentioned, we think of the 
distance between them as a single straight line, — for example, the centre of the 
earth and the centre of the sun. 

Once more, conceive A and B, FKg. 21, to be two points in the path of a point 
moving from A in the direction of B. Now aU the points in tlie same direction 
from A as B is, are in this path ; and any point out of this line, as C or C\ is 
in a different direction from A. 

In this manner we draw a straight line on paper by laying the straight edge 
of a ruler on two points through which we wish the line to pass, and passing a 
pen or pencil along this edge. 

Cor. — Two straight lines can intersect in hut one point ; for^ if 
they had two points common^ they would coincide and not intersect. 

Ex. 1. A railroad is ix) be run from the town A to town B. If it is 
made straight, through what points will it pass ? Can it pass through 
any points not in the same direction from A as B is ? 

Ex. 2. If I live on the south side of a straight railroad, and my 
friend on the north side, but fiye miles farther east, and two miles 
farther north, and the road from my house to his is straight, how 
many times does it cross the railroad ? 

Ex. 3. Can you always draw a straight line which shall cut a 
curve (whatever curve it may be) in two points ? Try it. 

Ex. 4. Detroit is directly east of where I live. How could I drive 
my horse there and never turn his head to the east ? Would he have 
to travel in straight lines or in a curve ? K I drive him on a curve, 
how can I manage it so that his head will be 
east for but an instant? If his head is all 
the time east, what is the line in which I 
drive him ? 

Bug. — The figure will suggest how the first may yiq. sa. 

be accomplished. 




43. A Perpendicular to a given line is a line which makes 
a right angle {26) with the given line. The latter is also perpen- 
dicular to the former. Oblique Lines are such as are not perpen- 
dicular to each other, and which meet if sufficiently extended. 

III.— In Fig. 11, BA is perpendicular to DC ; so also AC is perpendicular to 
BA. In Mg. 10, KG and Kl are perpendicular to each other. The other lines 
in Fig, 10 are oblique to each other. 

2 
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SoLxmoN.— I wish to draw a perpendicular from to the line XY. I fint 
open the dividers wide encmgh, so that when I 'q 

place the sharp point on the pencil will mark 
the line XY in two points, as B and C, when it 
swin^ around. Mai'king these two points, I 
put tlie sharp point first on B and afterward on 
C, keeping them open fust alike in both cases, ; 
and make the two marks intersecting at D. 
Placing the straight edge of the ruler on the 
points O and D, I draw the line OA along its 
edge. OA is the perpendicular required 



^a 



-^ 
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Ex. 1. Let fall a perpendicular from a point, as 0, upon a straight 
line, as XY, without making any marks on the opposite side of XY 
from o. 

Ex. 2. A mason wishes to build a 
wall from o,in the wall AB," straight 
across" (perpendicular) to the wall 
CD, which is 8 feet from AB. He has 
only his lO-foot pole, which is subdi- C 
vided into feet and inches, with which 
to find the point in the opposite wall at which the cross wall must 
join. How shall he find it ? 
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SECTION II. 

ABOUT CntCLES. 

46. A Circle is a plane surface bounded by a curved line every 
point in which is equally distant from a point within. 

47. The Circumference of a Circle is the curved line every 
point in which is equally distant from a point within. 

•48. The Centre of a Circle is the point within, which is 
equally distant from every point in the circumference. 

49. An Arc is a part of a circumference. 

50. A Radius is a line drawn from the centre to any point 
in the circumference of a Circle* 

51. A IHarheter of a Circle is a line passing through th< 
centre and terminating in the cixcumference. 
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III. — A. drde may be conoeiTed as Um path of a 
line, like OB, Ftg. 27, one end of which, 0, remains 
at the same point, while the other end, B, moyes 
around it in the plane (say of the paper). OB is the 
Baditu, and the path described by the point B is the 
Oireuntference. AB is a diameter. In Fig. 28, the 
curved line ABCDA (going clear around) is the dr- 
cumfi&rtno$y O is the On^, and the space within the 
circumference is the Cirde. Any part of a circum- 
ference as AB, or any of the curved lines BB, Fig, 27, 
is an arc. So also AM and EF, Fig, 29, are arcs. EF 
is an arc drawn firom O' as a centre, with the radius 
O'B. 



&2. A Chard is a straight line joining 
any two points in a circumference (ordinarily 
considered as not passing tliroagh the centre), 
as BC or AD, i^. 28. The portion of the 
circle included between the chord and its arc, 
as AmD) is a Segment. 

SS. A Tangent to a circle is a straight 
^ line which touches the circumference, but 
does not intersect it, how bx soever the line 
be produced. 

^4. A Secant is a straight line which intersects the circumfer- 
ence in two points. 
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Ex. 1. Suppose DC, Fig. 1 1, to represent a small wooden rod, and 
BA a wire stuck into it at right angles. Now if you take the end C 
of the rod in your fingers and place the end D on the table so that 
thd rod shall stand upright, and then revolve the rod once around 
like a shafb, what will the wire describe ? What the end B ? What 
any point in BA ? If you revolve the rod only a little way, what will 
the point B describe ? What does BA represent ? 

Ex. %• If you take a string, OP, and hold one end at a particular 

point, 0, on your slate or blackboard, while 
with the other hand you hold the other 
end, p, of the string upon the end of a 
pencil or crayon, and then move the end 
P around o, making a mark as it goes, 
what will the mark made represent when 
the pencil or crayon has gone clear 
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aroand? What will the string repre^nt? What is the surface 
paFi3ed over by the string ? 

Ex. 3. If you take the dividers, Fig, 1, and open them (say 2 
inches), and then place the sharp point, A, firmly on the paper while 
you turn them around, making the pencil point, B, mark the paper 
as it goes, what kind of a line will be described ? What is the line 
joining the points of the dividers ?* What line describes the cir- 
cle? If the dividers turn only a little way, what is the line 
described? 

Ex. 4. If a boy skating on the ice makes a curve which bends 
everywhere just alike, what kind of a path will he make ? Does 
the boy describe a circle ? How might you conceive the circle in- 
closed by his path, as described ? Is a circle described by a point or 
by a line ? 

[Note. — The word "circle" is used in common language as equivalent to 
" circumference." It is also thus used in General Geometry. But, however the 
words may be used, the pupil should be taught to mark the distinction between 
the plane surface inclosed and the bounding line.] 

Ex. 5. In how many points can a straight line intersect a circum- 
ference? In how many points can one circumference intersect 
another ? 

Ex. 6. There is a piece of ground in the form of a circle, the 
radius of which is 100 rods, by which run two roads; one road 
runs within 80 rods of the centre, and the other within 100 rods. 
How do the roads lie with reference to the ground ? 

Ex. 7. When you unwind a thread by drawing it off a spool in 
the ordinary way, what geometrical line does the unwound thread 
represent ? 

Ex. 8. In a circle whose diameter is 60 feet, there are drawn two 
chords, one is 20 feet long, and the other 30 feet. Which is nearer 
the centre ? 

Ex. 9. There are two circles whose radii are respectively 12 and 
18 feet. The distance from the centre of one to the centre of the 
other is 25 feet. Do the circumferences intersect ? Would they in- 
tersect if the centres were 3 feet apart ? How would they lie in ref- 
erence to each other in the latter case ? How if their centres were 
30 feet apart ? How if they were 35 feet apart ? 

* The imagination may tM aided by Boppoting a fine elastic cord stretched between the 
points of the dividers and carried by them. 
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Ex. 10. Wliab kind of a Ime is reprefleoted b; water flying from a 
Bwiftly-reToMng grinds tone ? 

Ex. 11. If jtm draw two chords in the same circle, one of which 
is twice as long as the other, will the arc cat off b; the longer chord 
he twice as long as the arc cat off by the shorter ? Will it be more 
than twice as long, or less t 



55, Theorem. — Ths chord of a sixth part of tha cirtmmferenoB 
tf a circle is just equal to the radius of the same circle. 

Ili.— If I <lr«w a circle, and Ihcn, being carenil aot to opCD or cVwe tbe di< 
riders, place the Blmrp point on the circumference 
at some point, as A, and mark the circnmferencc at 
another point, as B, with the pencil point, and then 
more the sharp point to B and mark agnin, as C, 1 
find that when I have mcasored off his such chords, 
each equal to the radius, I return exactly to A, the 
point of starting. 

Horeover, if 1 draw tbe chords AB, BC, etc, I 

have a regular figure with ux equal sides. A figure 

'is. 31. -with BIX aides is called a hexagon. This hexagon is 

called T^piiar, because its udes are equal each to each, and its angles are also 

mutually equal. 

Ag^n, if I imite the alternate angles of the regular hexagon, as FB, BO, and 
DF, I have a regular triangle, called an equilateral triangle. 

56. Inscribed Figures are figures drawn in a circle, and 
haTing the vertices of all their angles in the circmnference, as the 
hexagon and triangle in the last illustration. When Che fignre is 
without, and all its sides tonch but do not cnt the circumference, it 
is circumscribed about the circle, • 

Ex. 1. Draw a regular hexagon whose side is two inches. 
Ex. 3. Inscribe an eq^nilateral triangle in a circle whose radius ia 
one inch. 
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maiked. So I want to find the cenUra I draw 

any two chords, a3 AB and CD (the nearer they are 

at right angles to each other the hetter for aocu* 

racy). I then bisect each chord with a perpen- 

dicalar, as AB with the perpendicular MN, and 

CD with RS {39). The intersection of these two 

perpendicalars, as O, is the centre of the circle. 

[The pupil must do everything with his pencil, 

nder, and dividers, Just as he says. He must not 

be of those who " Kiy and do not*' He must do the Fio. as. 

things told, *' over and over," till he can do them neatly and easily.] 





S8» JProb. — To pass a circumference through three given points. 

Solution.— I wish to pass a circumference through the three given points 
A, B, and C. [The pupil should first designate three 
points by dots on his paper, slate, or board, and then 
proceed according to the solution.] In order to do this, 
I Join A and B with a line, and also B and C. I now 
bisect these lines with the perpendiculars MN and RS, 
as in the last problem. The intersection of these per- 
pendicularS, O, is the centre of the required circle. 
Now setting the sharp point of the dividers upon and 
opening them till the pencil point Just reaches A (B or 
C will answer as well), I draw the circumference with J^*- 88. 

O as its centre and the radius OA, and find that it passes through the three 
^ven points A, B, and C. 

Ex. 1. To pass a circumference through the three vertices of a 
triangle^ i* e.y to circumscribe a circumference about a triangle^ as 
this operation is technically called. 

Sue.— This is Just like the last, A, B, and C being the vertices of the triangle. 
The four figures in the margin 
•represent the successive steps in 
the solution. First draw the given 
triangle. Then take the first step 
in the solution, then the second, 
etc. 

Ex. 2. Given the centre of 
a circle and a point in the 
circumference, to draw the 
circle. 

Sua. — Make a dot on the board 
to indicate the centre, and an- 
other dot to indicate the point 
in the circumference to be found. 
This is what is given. Tou are 
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Ex. 3. Draw an arc of a circle, and nib oat the mark, if yon make 
any, at the centre, eo that yon cannot see where the centre is. Then 
find the centre, and complete the circumference according to these 
problems. 

Bug.— Huit three points in the given arc, and tnen the example U Jmt Ilk; 
the lut [Da not foil to do it, " over and over," till j'ou can do It quiddr and 
neatly. Tlieee exerdaea leqnlre much care in order to get good llgiiies.] 



59. Theorem.~The circumference of a circle is abcut 3.1416 
Hmes its diameter. The Greek letter n (called p) is used to repre- 
sent this nuTober ; and hence the circumference is said to be a times 
the diameter. 

III.— The pupil can iUutrate this fact by taking any wheel which la a tn.-: 
drcle, and measuring the diameter with a nairow band of paper (something 
that will not stretch), and then wrapping this measure aboat the circOuif^cnce. 
He will find that it takes a UUie mor« than three diameters to go around. Of 
course he cannot tell exactly how much more. In fact, nobody Itnows exactly. 
But the nnmber given above la near enough for most purpoeoa. For many pur* 
posea 8f la aufflciently accurate. 

4 s_s r By drawing a circle very careflilly, say^ 1 inch in 

diameter, aa in the margin, and dividing the diameter 

into lOths inches, a nice puir of dividers can be 

' opened one 10th inch and made to step aronnd the 

' circumference. If it is all done with nicely, it will be 

. found to be a little over 31 steps around, when it is 

10 across. 

Ex. 1. The distance acroBS a wagon-wheel 
Fia. an. (the diameter) is 4 feet, how long a bar of iron 

will it take to make the tire ? 

Ex. 2. Suppose the crown of your hat is a circalar cylinder 7 
inches iu diameter, how much ribbon will it take for a band, allow- 
ing i- of a yard for the knot ? 
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Ex. 5. What is the radius of a circle whose semi-circumference is 
TT? In a circle whose radius is 1, what part of the circumference 

does ~ represent ? What part - ? What part does Zie represent ? 
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ABOUT ANGLES. 

60 • JProb* — To show how angles are generated and measured. 

III. — An angle is geneiAted by a line revolving about one of its extremities. 
Thus, suppose OB to have started from coincidence with OA^ and, O remaining 
fixed, the line to have revolved to the position OB, 
the angle BOA would have been generated. When 
the revolving line has passed one-quarter the way 
around, as to DO, it has generated a right angle ; 
when one-half way around, as to FO, two right 
angles ; when entii'ely around, four right angles. 

Now, if any circle be described from as a cen- 
tre, (he arc indvded by the sides of any angle Iiaving 
its vertex at 0, is the same part of a quarter of this 
cii'eumference as t?ie angle is of a right angle. Hence 
the angle is said to be measured by the arc included 
by its sides. Thus, the angle COA is measured by 

the arc oe; ». 6., it is the same part of a right angle that arc oo is of arc ad, 
(See Trigonometry, 3-10,) 
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61. Theorem. — Tlie relative lengths of arcs described with the 
same radius can he found in a manner altogether similar to that 
given in {36) for compari7ig straight lines. 

III. — If I wish to compare the two arcs ab and ed described ioith the same 
radii, I take the dividers, and placing the sharp point on 
d (one end of the shorter arc), open them till the other 
point is at e. I then measure this distance off on a5 as 
many times as I can,— in this case 2 times, with a remain- 
der /&. This remainder, /&, I measure off in the same 
way upon dc, and find it goes once with a remainder gc. 
This remainder, gc, I apply to the arc /ft, and find it goes 
once with a remainder ?ib. This last remainder I find is 
contained in the last preceding, go, 2 times. Then, count- 
ing up the parts, I find that dc is made up of 5 parts each 
equal to hb, and a& of 13 such parts. Therefore, ab is 2} 
times as long as dc, [Tlie angle O is therefore 2} times the 

angle C] 

Fto. 87. 
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" " '"jj^ffl'/Vsr. 43 ? By what 
h^^^-^hat 13 the meaanre 

li^Stfg&S^vl^ing 8et.] 



->I^^^r||; irith a hole in one 

'^'fi'BlglJfc^y paper, as at A and 

in Mg. 4^ and 

let the piuB, put a 
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pe»cil throngh the hole c and move it aroand to A and thrai back 
to B ; what kind of a ]ine.irill the pencil trace P Will it make any 
difference whethet c is a right angle or not ? If any difference, 
what? 

£z. 4. By what part of a circamferenc« is an angle of a r^olar 
inscribed hexagon meaanred ? See {SS), and Fig. 31. How ma,ny 
right angles is the angle of the hexagon equal to ? What is the 
Bum of the six angles equal to f Ant. to last, 8 right angles. 

Ex. 6. Show, from the way in which an equilateral triangle is 
constructed in Fig. v)l, that one of its angles is measured by f of a 
circumference, and hence is | of a right angle. 



64:. Theorem. — Wlien Iwo lines intersect, they form either four 
right angles, or ttoif equal acute and two equal obtuse angles. 

III. — [The pupil can lllustrale this for hUnsetf bj drawing lines and noticing 

wliat angles are equal.] 

Ex. 1. Having a carpenter's square, an instrument represented by 
MON, I wish to test the angle o and ascer- 
tain whether it is, as it should be, a right 
angle. I draw an indefinite right line AB, 
and placing the angle o at some point c on 
this line with ON extending to the right on 
CB, I draw a line along OM- Turning the 
square over so that ON shall tie on CA, I 
draw another line along OM. Three casea 
may occur. — lat. Suppose the first line 
drawn along OM is CF, and the second CE ; 
what kind of an angle is ? 2d. Suppose 



the first line drawn is CE and the second CF ; what kind of an angle 
is ? , 3d. Suppose the first and second lines drawn along OM coin- 
side aud are CO ; wliat kind of an angle is ? 

Ex. 2, Show that the sum of alt the angles formed by drawing 

linca nn nnn Hi'rlp nt n. orivpn ^ma nnil fn thn eamo nninf in fTia 1[nA_ 
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bisect it With O, the vertex, as a centre, and anj conyenlent radiogj as Oa, I 
strike an arc, as ba^ cutting the sides of the angle. 
Then from a and b as centres, with the same radius 
in each case, I strike two arcs intersecting as at P. 
Dravring a line through P and O, it bisects the 
angle ; ». 6., the angle POA = angle BOP. [Let 
the pupil try this by cutting out the angle AOB, 
and then folding the paper along the line P, or cut- 
ting it through in the line OP, and then putting one 
angle on the other, and thus see if they do not fit. ] 

Ex. 1. Draw an angle equal to } of a right angle. 

Sua. — ^First draw a right angle and then bisect it 

Ex. 2. Draw an angle equal to ^ of a right angle. 

Suo. — ^Draw a circle. Inscribe an equilateral triangle. [Do it neatly, by 
rule, as in (6S).] Then bisect any angle of this triangle. This will be i of a 
right angle, since the whole angle is f . See £x. 9 (OlW 

Ex. 3. How does it appear that the angle EOF, Fig, 31, is | of a 
right angle ? 



660 JParaUel Straight Lines are such as, lying in the same 
plane, will not meet how far soever they are produced either way. 



III. — The sides of this page are parallel lines, 
as are also the top and bottom. The lines in 
Fig, 47 are parallel. 



67. JProb.—To draw a line through ^^^' ^'^' 

a given point and parallel to a given line. 

Solution. — I wish to draw a line through the point O and parallel to the 
line AS. [The pupil should first draw some 
line, as AB, and mark some point, as 0.] I C- 
take as a centre, and with a radius * greater 
than the shortest distance to AB, as Oa, draw an . . , 

indefinite arc aP. Then with a as a centre, and ^ 

the same radius, I dmw an arc from to the 

line AB at h. Taking the distance Oh (the chord) in the dividers, I put the sharp 
point on a and strike a small arc intersecting this indefinite arc, as at P. Fi- 
nally, drawing a line through O and P, it is the parallel sought. 

* This means *■'- put the sharp point of the dividers on Q <uid open them till the distance 1>o> 
tween the points (the radius) is more than the distance frem to AB*" 
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68* Theorem. — Two parallel lines are everywhere the same dis^ 
tance apart 

III. — Let AB and CO be two parallel lines. I will examine them at tlie two 

points O and P. To find how far apart the 
B lines are at these points I draw the perpen- 
diculars OM and PN. [The pupil should not 
— D guess at these, but actually draw them as in- 
Fio. 49. structed in (^^).] Measuring these, I find them 

equal. 
We can understand that this proposition most be true, since the lines could 
not approach each other for awhile and then separate more and more without 
being crooked ; or, if they kept on approaching each other^ they would meet 
after awhile, and so not be parallel. 

69* Theorem. — Parallel lines make no angle with each other. 

III. — Let AB be a straight line, and suppose CD another straight line 

passing through the point 0. Now let 
CD turn around, first into the position 
D'C, then into D"C", etc., all the time 
passing through 0. It is evident that 
the angle which this line makes with 
the line AB is all the time growing less, 
». A, a' < a, and a" < a'. It is also evi- 
dent that this angle will become 
when the lines become parallel ; for it 

becomes less and less all the time, but is always something so long as the lines 

are not parallel. 
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70. Theorem. — Parallel lines have the same direction with 
each other. 

III. — Thus, in Fig. 47, the parallel lines all extend to the right and left, i. e.y 
in the same direction., 

Ex. 1. How shall the farmer tell whether the opposite sides of 
his farm are parallel ? 

Ex. 2. If we wish to cross over from one parallel road to another, 
is it of any use to travel farther in the hope that the distance across 
will be less ? 

Ex. 3. If a straight line intersects two parallel lines, how many 
angles are formed? How many angles of the same size? May 
they all be of the same size ? When ? When will they not be aU 
of the same size ? 
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SECTION IV. 

ABOUT TRIANGLES. , 

. 71. A Flane Triangle^ or simply A Triangle^ is a plane 
figure bounded by three straight lines. 

T2. With respect to their sides, triangles are 
distinguished as Scalene^ Isosceles, and Equilateral, 
A scalene triangle has no two sides equaL An 
isosceles triangle has two sides equal An equi- 
lateral triangle has all its sides equal. 

73* With respect to their angles, triangles are 
distinguished as acute angled, right angled, and 
obtuse angled. An acute angled triangle has three 
acute angles. A right angled triangle has one right 
angle, and the side opposite the right angle is called 
the hypotenuse. An obtuse angled triangle has one 
obtuse angle. ^ 

Ex. Fig. 51 affords illustrations of all the different kinds of 
triangles. Let the pupil point them out until he is perfectly famili^f 
with the terms. He should also practise drawing the different kinds 
of triangles, for the purpose of familiarizing the names applied to 
the different kinds. 
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74. Theorem. — The sum of the angles of a triangle is two 
right angles. 

III. — Cat oat any triangle from a piece of paper. 
Then cat off two of the angles, as 1 and 2, and tarn 
them about and place them by the side of the other 
angle, as in the lower figure. Toa will then see that 
the Une OP is strcUglU^ and that the three angles of 
the triangle just make up the two right angles OED 
and RED. 

Ex. 1. If one angle of a triangle is a right 
angle, what is the sum of the other two ? 

Ex. 2. Can a triangle have more than one 
right angle ? If two of its angles were right ajigles, what would 
the third angle be ? 
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Ex. 3. Can a triangle have more than one obtnse angle ? 

8no.— Try and see if you can draw a triangle witli two right angles, or two 
obtuse angles. 

Ex. 4. Construct any triangle, and draw 
arcs measuring its angles. Then diaw a circle 
with the same radius as the one used to 
measure the augles, and lay off upon the ci^ 
cumference the arcs measuring the angles. 
The sum of these arcs will always make up 
just a semi-circumference. What does this 
show ? 

'~- ^ Ex. 5. If two angles of one triangle are 

equal to two angles of another, can the third angles be unequal ? 
Why? 




7S. Firob. — To make two triangles just alike. 
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SoLunoK. — There are three ways of doing this: 

lut Way. — Suppose I have any triangle, as ABC, 
and want to make another just Jike it I first draw 
an arc measuring any one of the angles, as A, of the 
given triangle. Then I make an angle D equal to 
the angle A, and draw the sides De and Of. Now I 
measure DE = AB, and DF= AC. If I now draw EF» 
the triangle DEF will be just like ABC, so that, were 
I to cut them out, I could apply one like a pattern to 
the other, and it would just fit 

2d Way. — I have a triangle A, and wish to make 
another just like it I draw arcs measuring any two 
of its angles, as O and P. Then, making a line MN 
equal to OP, I make an angle at M equal to 0, and 
<me at N, on the same side of MN, equal to P. 
Now makiug these two sides Mb and Ha long enough 
to meet (or, as we say, " producing them till they 
meet"), I have a second triangle, B, just like the first 
triangle, A. Were I to cut out the first triangle, it 
would fit on the second just like a pattern. 

3d Way. — I have a triangle ACB, and want to make 
another just like it I make a line DE equal to some 
side of the given triangle, as AB. Then taking AC as 
radius, I describe an arc ttom D as a centre, and ia 
like manner, with BC as radius and E as a centre^ 
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describe another arc Through the intei^scc- 
tions of these arcs, as F, I draw DF and EF. 
The triangle DEF is just like ABC. [Tiy it by 
drawing as described, and then cutting out one 
triangle, and seeing if you cannot fit it as a 
pattern on the other.] 

Ex. 1. In any triangle, which side is 
opposite the greatest angle ? Which op- 
posite the least angle ? 
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Ex. 2. If you have two triangles with an angle in each equal, but 
the sides about this angle longer in one triangle than in the other, 
can you make one fit on the other as a pattern ? Cut out two such 
triangles and try it. 

Ex. 3. Can you make a triangle so that one of its sides shall be 
as long as both the others, or longer than both ? 

Ex. 4. Can you make a triangle so that one of its sides shall be 
less than the difference between the other two, or equal to the 
diflference ? 

Ex. 5. If you have two triangles with only one side and one angle 
in the one equal to one side and one angle in the other, can you 
apply one as a pattern and make it fit on the other ? Cut out two 
such triangles and try it. 

Ex. 6. If you have two triangles with only two sides of one re- 
spectively equal to two sides of the other, can you make one fit as a 
pattern on the other ? Try it. 

Ex. 7. If you have two triangles with two sides in one equal re- 
spectively to two sides in the other, and the included angle in one 
greater than in the other, how is it with the third sides of the 
triangles ? 



V6. Theorem. — The lines which bisect the angles of a triangle 
meet within the triangle at a common point, 

III. — ^Try it, by drawing a triangle, and then bisect- 
ing its angles, as taught in ifiS), Tou will need to do 
it very neatly, or the lines will not meet It is a 
delicate operation. Tiy it in various forms of triangles, 
aa equilateral, right angled, scalene, obtuse angled, etc. 

3 
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14 XLEXBHTABT OEOMETBT. 

tt. Thearettu — The lines drawn from th« vertices of a triangle 
to the middle of the opposite sides meet in a 
common point within the triangle. 

lu.— Draw a. triangle. Bisect each of the eidea 

as tanght in {39). Tlien join each angle and the 

middle of ita oppoaite ^de nith a elnight line. If > 

you do the wo^ well, the three lines will ctom 

I ptdnt withia tlie triaiigl& 



78. Theor'eait — The perpendiculars which bisect the tides of a 
triangle meet at a cmnmon point, which may be 
>C within or without the triangle, or in one of its 

sides, according to the form of the triangle, 

III.— Draw an tuiute angled triangle, and biaect its 
ddes b; perpendiculars. If ;ou do it with accuracy, 
they will meet at a common pwint teithin the triaugle. 

Draw an obtute angltd triangle, bisect its sides with 
perpendiculars, and they will mmt at a commoti 
point uftftout the triangla 

Draw a right angled triangle, and the perpeudlculan 
will meet in the ude opposite the right angle (the 
hypotennse). 

"Ex. 1. Draw an egutZo^oZ triangle, and find 
the three points characterized in the last three 
articles. Are they all in one place, or are they 
Tts. m. in different places ? 

Ex. 3. Draw a scalene triangle, and find the three points as above. 
Are the; all in the same place, or are the; in different places ? 
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to one of these perpendicolare (they are all eqaal), I draw a circle, and it is the 
circle required. 



80. Prob» — To circumscribe a circle about a given triangJe. 

Solution. — I wish to circumscribe a circle 
aTjout the triangle ABC which I have drawo. To 
do this, I bisect the sides witli perpendiculars, and 
find their common intersection Oi as taught in 
{7S\ With as a centre and a radius equal to 
OB, the distance from O to the vertex of any ono 
of the angles, as these distances are all equal, I 
draw a circle. This is the circumscribed circle, 
that is, the circle in whose circumference the ver- 
tices of the triangle lie. [This is really the same 
as Pbob. (58).] Vjo. (SL 




SECTION V. 

ABOUT EQUAL FIGURES. 

SI. JEqtuUf in geometry, signifies alike in all respects, u e^ of the 
same shape and the same size. 

82m EquiviMlent fignres are such as have the same area, t. e., are 
of the same size, irrespective of their form. 

Ex. 1. Can a triangle be equal to a circle ? Can it be equivalent f 
Can a circle be equivalent to a square ? Can it be equal to a square ? 

Ex. 2. Can a right angled triangle be equal to an equilateral tri- 
angle ? Can a right angled triangle be equal to an isosceles triangle ? 
If either is possible, construct figures illustrating it 



83m JProbm — To apply one straight line to another. 

SoiAJTiOTS.— [Applying figures to each other is a very important thing in 
geometry, and may seem a little curious at first ; 

but it is, in reality, very simple. The pupil must ^ ^ 

become perfectly familiar with it.] We will first C D 

apply the line AB to the equal line CD. Take 

the line AB,* and placing the end A upon the £ p 

end C of the line CD, malte the line AB take the ^ ^ 

same direction as CD, and put the former upon I 

the latter. Kow, since the lines . are equal, the 5^- «*• 

mt ^ ■ ■ ^— ■■ ■ M I. - ■ I ■ I.I ■ I ■■ ■■ . ■■■■■■ -■■■ . ■ ■ ~ » I ■ I ■ I II .^^MM ■— ^ 

* Ttot ie, think about it just M if it were a little rod which yoa ooald pick qp and handle. 



86 



ELEICENTARY GEOMETBY. 



extremity (or the point) B will fall upon D, and the two lines will coincide 
tliroughout their whole extent. 

Again, we will apply the line EF to the line CH. Taking the line EF (think 
of it as a little rod which you can pick np and handle), put the point E upon 
C, and making the line EF take the same direction as CH, put the former upon 
the latter. Now, since EF is shorter than CH, the point (extremity) F will fall 
somewhere on the line CH, as at I. Therefore the lines do not coincide 
throughout their whole extent, and are not equal. 





N 



84* Prob. — To apply one plane angle to another. 

Solution.— ^First we will apply one angle to another equal angle. Thus, to 

apply BAG to the equal angle EDF. Take the 
angle BAG (tlUnk of it as if it were two little rods 
put firmly together at this angle, and so that you 
could pick them up and handle them), and placing 
the vertex (point) A upon the vertex Qioint) D, 
make the side AG take the direction DF. As 
AG happens to be longer than DF, the extremity 
G will fall beyond F, at some point, as O. But we 
do not care for this, as the size of an angle does 
not depend upon the length of the sides. Now, 
while A lies on D, and the line AG on DF, let the 
line AB be conceived as lying in the plane of the 
paper also (i. e., on it). Since the angle BAG is 
equal to EDF, the line AB will take the direction 
DE, and will fall on it, though the point B will 
fall somewhere beyond E, as at N, as AB 
chances to be longer than DE. The two angles 
therefore coincide, and are equal. [Notice care- 
fully Just what is meant by saying that the angles 
are equal. We do not mean that the s^des are 
of the same length, but that the opening between 
them is the same, i. «., that one is Just as sharp 
a corner as the other.] 

Queries, — ^If BAG were greater than EDF, and 
we should begin by putting A upon D, and make AC faU upon DF, where would 
AB fall, without the angle EDF or within it? If BAG w/Bpe 1^ tiian EDF, and 
we proceed as before, placing the vertex A on D, an/J AG p^ Df , ^ould AB fall 
without EDF or within it ? 

Again, let us attempt to apply the angle HQ\ to LKM. Plaping the vertex G 
on the vertex K, making the side CI take the direction KM, and then bringing 
CH into the plane of the paper, the side CH will fall within the angle LKM (as 
in the Ime KR), since the angle HCl is less than LKM. The angles, tharisfore^ 
do not coincide. 




Fig. 68. 
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8S. Prob. — When two triangles have two sides and the included 
angU of one equal to (wo sides and the included angle of the other, to 
apply one triangle to the other. 

Solution.— la the two triaugles ABC and DEF, let the angle A be equal to 
the angle D, the side AB = the side DE, and AC = DF. We 
■will apply the triangle ABC to DEF. Talie the triangle 
ABC and placu the vertex A upon the rertex D, makiag Ihc 
Bide AC lake the direction DF. Since AC = DF, Ihe ex- 
tremity C will then Tall on F.f Now bring Ihe triangle ABC 
into the plane of DEF, keeping AC in DF, and ihe line AB 
will take the direction DE, since the angle A — the angle D. 
Again, as AB = DE, tlie exti'emity B will fall upon E. Thus 
we have placed ABC upon DEF, so that A falls upon D, 
C upon F, and B upon E, and find that they exactly 
coincide. 

Ex. 1. Suppoae you attempt to apply ABC in the last figiu-e to 
DEF by placing B on D, and letting bc fall upon DF. Where will c 
fall ? Measure it and find out Which side will then fall nearly or 
quite on DE? Will it fall exactly on it ? On which side willit fall? 
Can you make the triangles coincide (fit) in this way ? 

Ex. S, Can yon make the triangles in the laat figure coincide by 
placing upon D, and letting CA fall upon DF ? Where will a fall ? 
What line will fall on or near DE ? Will it fall without DE, or 
within ? 

Ex. 3. Construct two isosceles triangles,^ as ACB and DEF, in 
which AC = CB = DE = EF. Can you ap- ^ _ 

ply DEF to ABC by putting upon A? 
Describe the process. Can you pnt 
upon A and DE upon AB, and make the 
triangles coincide? Can you make the 
triangles coincide by putting F upon A? 
If so, describe the process. Can you make them coincide by putting 
E upon A ? If not, point out the difficulties. 

• Think ot ABC *> mida of little rod*, eo that yon cod pick It up and place tt apon DEF 
in lUe mBnner dwcHbed. 

t It will mske II clurer If the papil think* of ABC ■' UiIh etkge of Ihe openUoD, u 
hiving th« fide AC "" DF: but the angle B not down on the paper; joatulf he wen to cut 
oat ABC' uid a«t the edge ACon the line DF'*"*) (V^:<nHinl bring the trluKle ABCdavn 
on to DEF, keeping the edge AC o" '>>« line DF- 

] The teacher mant IbsIdI upon Ihe Ognrea being drawn, and that accoiatel;, accoidlii{ to 
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Ex. 4. Construct two equal trapeziums,* 
as ABCD and EFGH, and describe the process 
of applying one to tfie other. 

Solution.— I will apply EFCH to ABCD. As 
tbe angle E is equal to the angle B, I will begin by 
putting the vertex E on B, and making EH fall upon 
BC. Since EH = BC, H will fall on C. Now, as 
angle H = angle C, HC will take the direction (fall 
on) CD; and since HG = CD, G will fall on D. 
Again, as G= D, CF will take the direction DA; 
and since GF = DA, F will fall on A. Finally, as 
F = A, FE will take the direction AB; .and since 

FE = AB, E will fall on B, as it ought, since I started by conceiving E as 

placed on B. 

Ex. 5. Describe the application of ABCD in the last figure to EFGH, 
by beginning with C upon H. 

Ex. 6. Having two equal equilateral triangles, can you apply one 
to the other by beginning indifferently with any one angle of one 
upon any one angle of the other ? Draw two such triangles, and go 
through with the details of the applicatioiju 
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86* Prob* — Given two triangles with two angles and the included 
vdde of the one respectively egual to two angles and the included side 
of the other y to apply one triangle to the other. 

Solution. — [The pupil should first draw any triangle, as 
ABC. Then make a line DF equal to AB, and at the ex- 
tremities D and F make angles, as D and F, respectively- 
equal to A and B. This is preliminary.] Having the two 
triangles ABC and DEF, m which A = D, B = F, and AB = DF, 
B I propose to apply one to the other. I will apply ABC to 
DEF. Taking ABC, I place A upon D, and make AB take 
the direction and fall upon DF. Since AB = DF, B will fall 
upon F. Now keeping the line AB in DF, I conceive the 
triangle ABC to come into the plane of DEF. Since A = D, 
the side AC will take the direction DE, and the extremity C 
of AC will fall somewhere in the line DE,or in DE produced. 
Also, since B = F, the line BC will take the du-ection FE, and the extremity C 
of BC will fall somewhere in FE or FE produced. Finally, as C falls in DE and 




* The teacher mict 1nai«t upon the flgnres being drawr., attd.tbat accnrately, according to 

rule. 
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Ft. both, it must be at E, their intenlBCtion. Thus I find that the triangle ABC, 
when applied to DEF, coincides with it throughout. 

Ex. 1. Given the two triangles DEF and ;^BC, in which DE=AB, 
D = A, but E > B ; show how an attempt 
to apply one to the other fails. 

Solution. — Since angle D = angle A,* t ap- 
ply the vertex D to the vertex A, and make DE 
take the direction AB. As DE = AB, E will fall 
on B, and the sid^a DE and AB will coincide. 
Again, since D = A, the side DF will take the 
direction AC when the planes of the triangles 
coincide ; and the extremity F will fall in AC, 
or in AC produced (really in AC produced, in 
this case). Finally, since E > B, EF will fall to 
the right of BC, and the application fails. Fio, ^g, 

Ex. 2. Construct two trapeziums with their respective sides equal, 
as AC = HE, AB = HC, BD = CF, and CD = EF, ^ 

but with their angles unequal ; and show how C^ 
an attempt to apply one to the other fails. 

Ex. 3. If the sides of two trapeziums, as in 
the last figure, are equal, and two of the 
angles including a side in one aip respectively 
equal to the corresponding angles in the other, 
as A = H, and B = C, can one be applied to the 
other ? If so, give the details of the process. i^e. (». 





SECTION VL 

AfiOUT 8IMII|4B FIGURES, ESPECIALLY TBIAN6LES. 

57, Similar Figures are such as are shaped alike — i. e., have 

the same form. 

A more scientific definition is. Similar Figures are such as have 
their angles respectively equal,- ,and their homologous (correspond- 
ing) sides proportional. 



* Be careftil to diettngwish between the vertex, whicTi la a point, and the angle, which is the 
opening between the lines. 
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88. BotnoloffOUSj or Porresponding Sides of similar fignrea^ 
are those which are incladed between equal angles in the respectiye 
figures. 

In Similar Triangles, the Homologous Sides are those 
opposite the equal angles. 

III.— The triangles ABC and DEF are similar, for they are of the same 

shape. But it is easy to see that 
ABC is not similar to IHK or 
MON. The pupil should notice 
that A = D, C = F, and B = E. 
Also, side « is 1^ times b, side /is 
1} times e, and side d is 1§ times 
a; so that f:e :: e:b, and 
f :c :: d : a, and d :a : : e : b. 
Now there are no such relations 
existing between the parts of 
ABC and IHK. The angles B 
and K are nearly equal, but A is 
much larger than H, and C is 
smaller than I. Bo these triangles are not mutually equiangular, i. «., each angle 
in one has not an equal angle in the other. Again, as to their sides, IH is a 
little less than AC, but HK is greater than AB. These two triangles are, there- 
fore, not similar. 

In the similar triangles ABC and DEF, & is homologous with «, since they are 
opposite the equal angles B and E. For a like reason a is homologous with d, 
and c with f. It may also be observed, that the shortest sides in two similar 
triangles are homologous with each other ; the longest sides are also homolo- 
gous with each other, and the sides inteimediate in length are homologous 
with each other. 

Ex. 1. Can a scalene triangle be similar to an isosceles triangle ? 
Can an obtuse angled triangle be similar to a right angled triangle ? 

Ex. 2. Are all squares similar figures ? 

SuG. — First, are the angles equal ? Second, is any one side of one square to 
some side of another square as a second side of the first is to a second side of the 
second, etc. ? 

Ex. 3. A farmer has two fields, each of which has 4 sides and 4 
right angles. The first field is 20 rods by 50, and the other 40 by 
80. Are they similar ? 

SuG.—Are they mutually equiangular? Then are the lengths in the same 
ratio as the widths? If they are not similar, how long would the second liave 
to be in order to make them similar? Draw two such figures, and see if they 
look alike in shape 
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89m JProh. — To find a fourth proportional to three given lines. 



Solution. — I have the three given lines 

A, B, and C, and wish to find a fourth line 
such that 

A shall be to B as C is to ihe fourth line, i, e,, 
A : B : : C : fourth line. 

To do this, I draw two indefinite lines OX q 
and OY, from a pommon point 0. On one 
of these, as OX, I lay off Oa = A, and Oc = 

B. Then on the other 1 make Ob = C, and 
draw ab. Finally, drawing a parallel to ab 
through the point c (67), I have Od as the line ^ 
sought Thus, calling Od, D, the proportion U 




Fio. 71. 



Oa 



Oe 



B 



Ob 
C 



Od, or 
D. 



N.B. — The order in wJdch the lines are taken, and the way of drawing the linei 
ab and cd, are essentiaZ. The following directions will insure correctness : Lay 
off Uie FIRST and second on iJie same line, as on OX ; and the third on the 
OTHER line, as ou OY. Then join Vie extremities of the first and third, and 
draw the parallel through tJie extremity of tlie second. 



Ex. 1. Show that if the order of the proportionals in Fig. 71 is 
B : A : : : fourth line, the fourth 
proportional is E, Fig. 71. -^ , 

Ex. 2. Show that a fourth propor- C» ■ • 

tional to A, B, and C is D. Also, that 
a fourth proportional to 0, A, and B 
is E. Show that, if the order be 
A : C : : B : fourth line, D is still the 
fourth proportional. Show that 
B : C : : A : 20, nearly. 



D«- 



E*- 
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Ex. 3. Solve the proportion 3 : 8 : : 5 : a;, and find x geometrically. 



SuQ.— Using the scale of lOOtlis of a 
foot, the figure is that in the margin. OD 
is the fourth proportional, or a; = OD, 
which is found by measurement to be 134, 
as it is by arithmetic 
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gous with AC, because it h opposite angle <E, which equals B. For a simi- 
lar reason EF is homologous with AB. Now, taking two sides of ABC, as BC 
and AB, and a side of DEF homologous with ojio of them, as DE, and finding a 
fourttj^ proportional Oc, it will be found exactly equal to EF ; so that 

BC : DE : : AB : EF (= Oc). 

Ex. 3. Make two triangles, two of whose angles shall be, one f 
and the other } of a right angle ; but make the side included between 
these angles twice as great in the second triangle as in the first. 
What will b0 the ratio of the side opposite the angle f in the first 
triangle to the homologous side in the second ? What the relation 
of the sides opposite the angles ^ ? 

Ex. 4. If you make one triangle whose sides are 5, 8, and 3 ; and 
a second whose sides are 15, 24, and 9, will they be mutually equi- 
angular? Which angles are the equal ones ? Which are the homol- 
ogous sides? 

Ex. 5. There are three pairs of similar 
triangles in Mg. 76. Can you point them 
out? Also point out their homologous 
parts. Are all the triangles which you 
can make out from the figure similar to 
each other ? 

Ex. 6. Wishing to know the height EC of a house, I set up a 
stake DB 5 feet long; and putting my 
eye close to the ground, I moved back 
from the stake to A, so that the top of 
the stake and the top of the house were 
just in range (in a line). Then by mea^ 
uring I fouftd AB = 10 feet, and AC = 80 
feet. What was the height of the house ? 

Ex. 7. If you take three sticks of different lengths and put them 
together by joining their ends two and two, so as to represent a 
triangle; can you, by putting together the same sticks in a different 
order, make a triangle of different form from the first ? Will the 
angles opposite the same sticks always be the same ? 

Ex. 8. If you take more than three sticks (say 4), and make of 
them the boundary of a figure, by putting their ends together two 
and two, can you put them together so as to make another figure of 
different form ? Can you make figures having different angles ? 

Ex. 9. K yon take three sticks, A 3 inches long, B 5 inches, 





u 



ELEMENTABY GEOMETBY. 



and C 6 inches ; and also three other sticks, D B inches long, E 15 
inches, and F 18 inches ;* can you place them together so as to make 
dissimilar triangles ? Will the corresponding angles of the two tri- 
angles be equal however you may arrange the sticks? If the sides 
of two triangles are proportional, will their angles be equal and the 
triangles similar? 

Ex. 10. If you take four sticks, A 3 inches long, B 5 inches, C 6 
inches, and K 4 inches ; and also four other sticks, D 9 inches long, 
E 15 inches, F 18 inches, and L 12 inches ;* can you place them to- 
gether so as to make four-sided figures which shall be dissimilar 
{i. e., not of the same shape) ? Will the corresponding angles of the 
two figures be necessarily equal ? If the sides of a four-sided figure 
are proportional, does it follow that the corresponding angles are 
equal, and the figures similar ? 

Ex. 11. Why do the braces in the frame 
of a building stiffen it? Is a four-sided 
figure stiff? t. e,, are its angles incapable 
of change while its sides remain of the 
same length ? Can the angles of a triangle 
be changed while the sides remain un- 
changed ? 




Fie. 78. 
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ABOUT AREAS. 

91. A QuadrUaieral is a plane surface inclosed by four 
right lines. 

92. There are three Classes of quadrilaterals, viz.. Trapeziums, 
TrapezoidSy and Parallelograms, 

93. A Trapezium is a quadrilateral which has no two of its 

sides parallel to each other. 

94. A Trapezoid is a quadrilateral which has but two of its 

sides parallel to each other. 



• Notice that the eidee are proportional, 4. «., in the same ratio Uken two and two. 
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OS* A JParaUelografn is a quadrilateral which has its oppo- 
site sides parallel. 

96m A Mectangle is a parallelogram whose angles are right 
angles. 

97* A Square is an equilateral rectangle.* 

98* A Rhombus is a parallelogram whose angles are not right 
angles, and all of whose sides are equal. 

99* A Ithoniboid is a parallelogram whose angles are not 
right angles, and two of whose sides are greater than the other two, 

III. — The figures in the 
margin are all quadrilat- 
erals. A is a trapezium. 
(Why?) B is a trapezoid. 
(Why ?) C, D, E, and F are 
parallelograms. (Why ?) 
O and E are rectangles, 
although D is the form 
usually referred to by the 
term rectangle. So C is 
the form usually referred 
to when a parallelogram is 
spoken of, without saying 
what kind of a parallel- 
ogram. C is also a rhom- 
boid. (Why?) E is a square. 
(Why?) F is a rhombus. 
(Why ?) This page is a 
rectangle; so also are the 
common panes of glass. 




B 
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100. A Diagonal is a line joining two angles of a figure, not 
adjacent 

III.— In common language, a diagonal is a line running "from comer to 
corner." 

Ex. 1. To construct a square, having given a side; or, in other 
words, to construct a square on a given line. 



* The pnpil shonld be able to give this and all similar deflnitionB at length. Thns, A Square 
JB a Borfftce indosed by four eqaal right lines making right angles with each other. 
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lat Methods—Let A be the given side. Draw 
the indefinite line OX, and lay off OM = A. At 
M erect a perpendicular MY, as taught in (44). 
On this take MN = A. From N and O as centres, 
with a radius equal to A, describe arcs intersect- 
ing, as at P. Draw NP and PO. 

2d Method. — Let Q be the given side. Con- 
struct equal angles at the extremities of Q, and 
produce the sides till they meet, and one of 
them till it will meet another side of the square 
proposed. With S as a centre, and ST or SR as 
radius, describe a semicircle. Draw RV, and it 
forms a right angle at R. The construction can 
now be finished as before. 

Ex. 2. Construct a rhombus whose side 
^is 2 inches, and one of whose acute angles 
is f of a right angle. 

Fio. 80. jjj^ 3 Construct a rectangle whose ad- 

jacent sides are 3 and 5.* 

Ex. 4. Construct a rhomboid whose adjacent sides are 3 and 7, 
and their included, angle ^ a right angle. 

Ex. 5. How many diagonals has a triangle? How many has a 
quadrilateral ? How many has a figure with five sides (a pentagon) ? 
Of six? Of eight? 




101. The Area of a surface is the nnmber of timos it contains 
some other snrface taken as a unit of measure ; or it is the ratio of 
one snrface to another assumed as a standard of measure. 

102 • The Z7mY of Area usually assumed is a square, a side of 
which is some linear unit : thus, a square inch, a square foot, a 
square yard, a square mile, etc. By these terms is meant a square 1 
inch on a side, one foot on a side, one yard on a side, etc. 

The acre is an exception to the general rule of assuming the 
square on some Knear unit as the unit of area, there being no linear 
unit in use whose length is the side of a square acre. 

III. — The area of a board is the number of squares 1 foot on a side which it 
would take to cover it The area of a floor may be spoken of in square yards, 
and is the same as the number of square yards of carpeting it would take to 
covor it. 



* TalEe Any convenient nnif, a? i inch, 1 Ind^ 
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103m The Attitude of a parallelogram is the distance between 
its opposite sides ; of a trapezoid, it is the distance between its parallel 
sides; of a triangle, it is the distance from any vertex to the side 
opposite or to that side produced. 

104:m The JBases of a parallelogram or qf a trapezoid are the 
sides between which the altitude is conceived as taken ; of a triangle, 
it is the side to which the altitude is perpendicular. 

IiiL. — The dotted lines in B, C, D, and F, Fig. 79, represent altitudes. 
When the altitude is the distance between two parallelp, the figure has two 
bases. The altitude of a parallelogram may 
be reckoned between either pair of parallel 
sides, but it is most common to conceive it as 
the distance between the two longer sides. 
The altitude of a rectangle ir the same as 
either side to which it is parallel. A triangle 
may have three altitudes, and any side of a 
triangle may be conceived as its base. In 
FHg. 81, AB is conceived as the base in each case, and CD the altitude. 

Ex. What side of a triangle must you conceive as the base, in 
order that the altitude shall fall upon it, and not upon its pro- 
longation ? From what angle will the altitude be reckoned in such 
a case? 




Fig, 81. 



105. Theorem. — The area of a rectangle is the product of its 
two adjacent sides; or^ wha^ is the same thing y the product of its 
altitude and base. 

III. — ^Let A BCD represent a rectangle, of which AB is 8 units long, and 
AC 5. Now, let us conceive a square a constructed on one of these units. 
Using this surface as the unit of area, it is evident 
that in the rectangle cABd there will be 8 such. 
Hence, the area of this rectangle is 8 (square units). 
Now, drawing parallels to the base through the 
several points of division of the altitude, it is evident 
that the whole rectangle ABCD is made up of as 
many rectangles like cABd as there are units in the 
altitude — in this case 5. Hence the whole area is 5 
times the area of cABd^ i. c, 5 times 8 (square units) 
= 40 (square units). 

N.B. — T/fe pupil tihould he carefkU to observe that the language **prodvet of 
base into aUUv^^ is only a convenient farm of abbreviaied expression. It is 
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the middle of the inclined sides, as a and 5, cut 

off the triangles kam and Bhn, being careful to 

cut in lines am and bn perpendicular to the 

base. These can be applied as indicated in the 

figure, so as to fill out the rectangle omnp. 

Hence we see that the area of the trapezoid is Fig. 85. 

just equal to the product of its altitude into the line joining the middle points 

of its inclined sides, as ab, 

Ex. 1. How many square yards of plastering in the walls of a 
room 20 feet by 30, and 15 feet high, including the ceiling ? 

Ans. 233f 

Ex. 2. A salesman is selling a piece of velvet which is worth $8 
per yard. The velvet is cut " on the bias," as the technical phrase 
is, i. e,, obliquely, instead of square across. The piece he is selling is 
measured along the selvedge in the usual way half a yard. He is 
disposed to charge the customer somewhat more than $4. Is he 
right ? The customer claims that he is getting but half a yard of 
velvet, and so ought to pay but $4. Is he right ? 

Ans. Both are right, — the salesman in his demand, and the 
customer in his statement. How is it ? 

Ex. 3. There are two parallel roads one mile apart. A has a farm 
which extends along one of the roads half a mile, and the lines run 
perpendicularly from one road to the other* B has a farm Ijing be- * 
tween the same roads, and half a mile front on each road, but run- 
ning obliquely across. Which 
has the larger farm ? ^ ^ ^ 

Ex. 4. Of the four triangles 
ACB, ADB, AEB, and AFB, Fig. 
86, which has the greatest 
area, CF being parallel to AB ? 

Ex. 5. Which is the largest triangle which 
can be inscribed in a semicircle, having the 
diameter for its base ? 

Ex. 6. Can you vary the area of a triangle 
while the sides remain of the same length? 

Can you vary the area of a quadrilateral while the sides remain of the 
same length ? 

Ex. 7. If you have two lines each 5 inches long, and two each 3 
inches long ; into what kind of a parallelogram must you form them 
in order to have its area the greatest ? 

4 




Fio. 86. 




Fig. 87. 
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Ex. 8. Rongh boards are usually narrower at oue end than at the 

other, for which reason the lumberman measures their width in the 

middle. "What is the number of square feet in the following : 

13 boards 16 feet long, 10 inches wide (iQ the middle) ; 

15 boards 11 feet long, 9 inches wide " " ; 

8 boards 10 feet long, 13 inches wide " " ? 

What principle is involved in snch measurement ? 

Ex. 9. What is the area of a triangle whose altitude is 6 feet, and 
base 10 feet ? Are these elements sufficient to fix the form of the 
triangle ? 

Ex. 10. If ft line be drawn from any angle of a triangle to the 
middle of the opposite side, what is the relation of the areas of 
the two partial triangles ? Why ? 



THE PTTHAeOBEAS PBOPOSITIOX. 

109, Theorem. — Tlie square described on the hypotenuse of a 
right angled triangle is equivalent to the sum of the two squares 

described on the other two sides. 

■ III. — The meauing of this pmpoBition may be illuBtrated tbns : Let ABC b« 
a right aogled triangle, right angled at C, and the 
sides AC and CB be 4 and 3 FFspcctivelj. Then, 
measuring AB, ll will be found to be 5, and we 
observe that 4' + 3' = 5*. This is also seen from 
the figure, in which the square on AC contuos 
4'= 16 square units, and that on CB3'=0; while 
that on AB contains 5' = 25, t". e., as many as on. 
both the olher sides. We cannot bo readily iRus- 
trate the Iruth of the proposition when the ratio 
of the sides is any other than that of S, 4, and 5, 
but it is equally true in all cases, as will be proved 
Fio. 88. ~ in the next pari of this book. 

Ex. 1. Can yon make a right angled triangle whose sides shall be 
5, 8, and 10 ? 

8nG.— Ab 10 is the longest dde, it will have to be the hypoteonsa. Now 6" 
+ 8' = as + 64 = SB. Bat 10' = 100. Hehce, 10 is too long for the hjpote- 
nuse of a right angled irlangls whose other sides are 6 and 8. 

Ex. %. Can«in make a right angled triangle whose sides shall be 
9, 12, and 15? 
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Fie. 89. 



Ex. 3. A carpenter has framed the four sills of a building tc 
gether, and placed them on the foundation. He then wishes U 
adjust them so that the angles shall be 
right angles. He places one end of his 
ten foot pole ab at a, 6 feet from c ; a»d, 
holding it in position, orders his attendants 
to move the sill AB to the right. How far 
will the end b of the pole be from c when 
the angle B is a right angle ? 

Ex. 4. A gate is to be 10 feet long and 4 feet high. How long 
must the brace be to go in as a diagonal and hold the gate in the 
form of a rectangle ? 

Ex. 5. The angles of a room are all right angles, and its dimen- 
sions are 20 feet by 30 on the floor, and 15 feet high. What is the 
length of the longest diagonal extending from one corner on the 
floor to the opposite comer in the ceiling ? 

Ans. A little more than 39 feet. 

Ex. 6. The numbers 3, 4, and 6 are much used by artizans as 
parts of a right angled triangle. Will any equi-multiples of them 
answer the same purpose, as twice them, i. e., 6, 8, and 10; or three 
times them, as 9, 12, and 15, etc. ? 

Ex. 7. In an obtuse angled triangle, is the square of the side oppo- 
site the obtuse angle greater or less than the sum of the squares of 
the other two sides ? How is it with the square of the side opposite 
an acute angle ? 



Bug.— In the right angled triangle ABC, AC = 

CB» + AB». In the obtuse angled triangle C^is 
equal to CB in the right angled triangle. But AC" 
is greater than AC'; hence AC" > BC" + AB*. 
13y a similar inspection tiie otiier case may be 
determined. 




Fia. 90. 



110 JProb. — To find a mean proportional between two lines. 

Solution. — I wish to find a mean propor- 
tional between the lines M and N, ^. €., a line 
X, such tliat 

M : 0? : : aj : N, whence aj* = M X N, and 
a?= VM X N. 

I draw a line AB equal to the sum of M and 
N, making DB = M, and AD = N. I draw a 
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semicircnmference on AB, and at D erect CD perpendicular to AB. CD is sb^ 
the mean proportional required. 

Ex. 1. To constmct a square which shall be equal in area to a 
given rectangle. 

Bug. — Draw any rectangle. Then find a mean proportional between its 
adjacent sides as described above. A square constructed on this line will be 
equal in area to the rectangle ; since, if x is the side of the square, and M and N 
are the adjacent sides of the rectangle, x* = M x N. But a;' is the area of the 
square, and M x N is the area of the rectangle. 

Ex. 2. To find the square root of 15 by means of the ruler and 
compasses. 



Sua.— Since 15 = 8 x 5, if DB = 3 and AD = 6, Fig. 91, x (CD) z= ^3 x 5 
= -\/ 15. Therefore, making a figure having DB and AD of these lengths, 
CD can be measured, and thus the square root. of 15 obtained, approximately, in 
numbers. 

N. B. — In 9ueh a ease CD represents exactly the required root, altfumgh toe 
may not be able to express the vaius exactly in numbers. In this case geometry 
does exactly what arithmetic can do only approximately. 

Ex. 3. Draw a line which shall represent, exactly, the square root 
of 5. 

SuG.— Make DB = 1, and AD = 5. 

Ex. 4. Draw a rectangle whose adjacent sides are 2 and 3, and 
then draw a square of the same area. 



11 !• Theorem.— The areas of similar triangles are to eacn 
other as the squares of their homologous sides. 

III.— The meaning of this is, that if ABC and DEF 
are similar, and any side of ABC is 2 times as great as the 
homologous side of DEF (as is the case in the figure, CB 
being = 2FE, CA to 2FD and AB to 2DE) Uie area of 
ABC is 4 times the area of DEF. In fact, in a simple 
case like this, we can divide ABC into four triangles 
exactly equal to DEF, as is done by the dotted lines. 

Ex. 1. A and B have triangular pieces of land, 
which are similar to each other, and similarly 
situated. But A's front is to B's as 5 to 3 ; how 
much more land has A than B ? 

Ans. 2^ times as much. 
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Ex. 2. In order that one triangle may be similar to and 4 times as 
great as another, how must any side 
of the first compare with the ho- 
mologous side of the second ? 

Ex. 3. In order that the areas of 
two similar triangles may be to 
each other as 4 to 9, what must 
be the ratio of their homologous 
sides ? 




Fio. 93. 



112* Tlteorem* — The homologous sides of similar triangles are 
to each other as the square roots of their areas. 

This theorem is involved in the theorem that the areas of similar triangles 
are to each other as the squares of their homologous sides. It is illustrated in 
the preceding examples. 

Ex. Construct a triangle with one of its sides 2 in length. 
Then construct a similar triangle IJ times as large. What must be 
the length of the side of the second triangle which is homologous 
with the side 2 of the first ? 



Solution. — Let CAB be the given triangle, whose side AB is 2. Since the 
second is to be li times as great as the fii-st, the ratio of the areas is 2 : 3. 
Hence, ^/%\ v^S" 

:: AB (or 2) : a?, \ A 

the side of the re- 
quired triangle ho- 
mologous with side 
2 of the given tri- 
angle. Construct 
the square roots of 
2 and 3, as od and 
ac in the figure, 
and then find a 
fourth proportional 
to ab^ ae, and AB. 
This is found to be 
ay. Taking DE = 

ay^ construct on it a triangle DEF similar to ABC, and it will be li times as 
large. 
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the ratio of these areas 259r : 36;r is the same as 25 : 36, i e., as the squares of 
the radii of the two circles. 



Ex. 1. In the figure the radius of the outer 
circle is twice that of the inner. H[ow do theic 
areas compare ? How do the 4 parts into which 
the larger circle is divided compare with each 
other ? 

Ex. 2. The radii . of 2 circles are 3 and 5 re- 
spectively ; what is the relation of their areas ? 

Ans. 9 : 25; or one is 2^ times as large as the 
other. 
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Ex. 3. I have a circle whose radius is 5, and wish to make another 
whose area is twice as great ; what must be its radius ? 

Ans. VEO, or 7.071 nearly, 

• 

Ex. 4. Can we compare the areas of circles by means of the squares 
of their diameters as well as by means of the squares of their radii ? 
How much greater is the square of the diameter of any circle than 
the square of the radius ? 

Ex. 5. Two 5-inch stovepipes run together into one 7-inch pipe. 
Is the capacity of the one pipe equal to that of the two ? 

Ex. 6. Two men bought grindstones of equal thickness. The 
stones cost $4 and $9 respectively. One was 2 feet in diameter and 
the other 3. What was the difference in the rates paid ? 



SECTION VIII. 

OF POLYGONS. 

11.5. A JPolygofl is a portion of a plane bounded by straight 
lines. 

The word polygon means m^ny-angled ; so that with strict propriety we 
might limit the definition to plane figures with five or more sides. Tliis limita- 
tion in the use of the word is fi'equently made. 

, 116m A polygon of three sides is a triangle ; of four, a quadrilat- 
eral ; of fiT%, a pentagon ; of six, a hexagon ; of seven, a heptagon ; 
of eight, an octagon; of nine, a nonagon; of ten, a decagon; of 
twelve, a dodecagon^ 
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117. A Jteguiar Polygon ie a polygon whose sides arc 
equal each to each, and whose angles are equal each to each. 



118. Tlie Perimeter of a polygon is the distance around it, 

or the sum of the b«unding lines. 



119. Theorem. — Any polygon may be divided ly diagonals 
drawn from any angle, into as many triangles as the polygon has 
sides, less two sides. 



Iix.— Id the figure the polygon has 7 Bides. 
By drawing the diaj^onalB from C to ihe oiher 
angles, we divide the polygon Into S (7—2) 
triangles. 

120. Theorem..— The sum of the an- 
gles of any polygon is twice as many right 
angles as the polygon has angles {or sides), 

7cj» //>»>• riVf7.l> ,i«/i7/>> 
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The practical difficulty lies in dividiDg the circumference as required. The 
circumference can be divided into 6 equal aix» by (.5^). Drawing radii to these 
points of division, and bisecting the included angle, a division into 12 equal 
piirts is eflfected. These can be again bisected, and the division into 24 equal parts 
eflFected, etc. Again, the circumference can be divided into 4 equal parts by 
di-awmg two diametera at right angles to each other (see Fig. 95). These arcs 
can be bisected as indicated above, and the division into 8 equal parts effected. 
Bisecting the latter arcs, we have 16 equal parts, etc. There is also a way to 
divide the circumference into 10 equal parts, but it is too difficult to be given 
here. For all regular polygons except those of 3, 6, 12, 24, etc., and 4, 8, 16, etc., 
sides, the pupil, at this stage of his progress, is expected to effect the division 
ly trial. 



EXERCISES. 

1. By drawing diagonals from any one angle, into how many tri- 
angles can a pentagon* be divided ? Show it with a figure. Into 
how many an octagon ? A dodecagon ? A nonagon ? A hexagon ? 

2. What is the sum of the angles of a hexagon ? Determine the 
number mentally, and then measure the angles geometrically, as in 
the solution of (120), observing that the latter result verifies the 
former. In like manner determine the sum of the angles of a pen- 
tagon. Of an octagon. Of a decagon. Of a nonagon. Of a tri- 
angla Of a quadrilateral. 

3. If the angles of a hexagon are equal each to each — that is, if 
the hexagon is equiangular — what is the value of any one angle ? 

Ans. 1^ right angles. 
[Note. — A regular polygon is equiangular.] 

4. What is the value of any angle of a regular octagon? Of a 
regular pentagon ? Of a regular dodecagon ? 

• Answer to the last, If right angles. 
6. Construct a regular dodecagon. 

6. Construct a regular heptagon. 

Suo'a— Observing that as the chord for the Jiexagon 
k the radius, and hence the choixl for the heptagon is 
a litUe less, we can readily find by trial }w%i how wide 
to open the dividers so that they shall step around 
the circumference at 7 steps. This is not a very 
scientific way^of constructing a figure, it is true, but 
it is the only way we can get the chord in this case. 1^99. 

* Polygons ara not to be assumed regular unless tbey are so designated. 
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7. Construct a regular octagon. 
8uo.-See the general solution (121). 




Fm. 101. 



8. Construct a regular nonagon. 

Solution. — First get a quarter of the cir- 
cumference by marking the points where two 
diameters at right angles to each other would 
cut the circumference, AX is an arc of 90°. 
Then from A take AY = 60° by using radius as 
a chord. YX is therefore an arc of 30^ Divide 
this into three equal parts by trial. Measure 
YB equal to two- thirds of YX, and AB and BC 
are arcs of 40°, and the chords AB and BC are 
ciiords of the regular nonagon. 



9. To draw a five-point star. 

Solution. -Draw^ a circle, and dividing the 
circumference into five equal parts, jom the 
alternate points of division, as in the figure. 



10. To circumscribe a square about a circle {36)> Also an equi- 
lateral triangle, and a regular hexagon. 
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f What? 



QQ 

m 

O 

M 

Hi 



o 

OQ 

» 
OQ 
QQ 



r What ? 



Teiangles. 



QQ 

O 

o 



Sides. Perimeter 

^What? Altitude. 
'g g5 rScalene, 

'^ 1 •§ < Isosceles. 
5 -^ l^ Equilateral, 



Diagonal. 
Base. 

'§ g r Acute. 

I |i Bight. 
3 ^ [Obtusi 



QUADltlLAT- 
EBALS. 



r What ? 
Trapezium. 
Trapezoid. 

Parallelo- 
gram. 



^ Bhombus. 
Bhomboid. 



Pentagon. 
Hexagon. 
Heptagon. 
Octagon. 
Nonagon, etc. 



> Regular. What? 



CQ 

k 
(A 



O 
O 

pq 



Circle. «< 



What? 

Circumference. 
Centre. 
^ Eadius, Diameter. 



(Ellipse. 
Coisric Sectioks.* •] Parabola. 

( Hyperbola. 

Higher Plane Curves.* 



* The^e are inserted dimply to give complstenesB. Of course, the itodent U not expected 
to know more than their names. 
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angles will become equal. In this position C'P becomes perpendicular to AB 
(26).* Again, if the line C'P revolve from the position in which tlie angles 
ture equal, one angle wiU increase and the other dimiuisli ; hence there is only 
one position of the line on this side of AB in which the adjacent angles 
are equal. Therefore there can be one and only one perpendicular erected to 
AB at P, which shall lie on the same side of AB. q. k. d. 

123m CoE. 1. — On the otiier side of the line a second perpen- 
dicular y and only one, can be drawn from the same point in the line. 

124:» Cor. 2. — If one straight line meets anotlier so as to make 
the angle 07i one side of it a right angle^ the angle on the otiier side is 
also a right angle, and the first line is perpendicular to the second. 

123. Cor. 3. — If two lines intersect so as to make one of the 
four angles formed a right angle, the other three are right angles, and 
the lines are perpendicular to each other, 

Dbm.— Thus, if CEB is a right angle, CEA, 
being equal to it, is also a right angle. Then, 
as AEC is a right angle, the adjacent angle 
AED is a right angle, since they are equal. 

Also, as CEB is a right angle, and BED equal 

to it, BED is a right angle. Hence CD being A E Q 

perpendicular to AB, AB is perpendicular to 

CD, as it meets CD so as to m^ke the adjacent 

angles AEC and AED, or CEB and BED equal to 

each other {43). ^ 

Fio. loa. 



FBOFOSITION IL 

126. Theorem. — When two straight 
lines intersect at right angles, if the por^ 
tion of the plane of the lines on one side 
of either line he conceived as revolved on 
that line as an axis until it coincides 
with the portion of the plane on the other 
side, the parts of the second line will coinr 
cide. 



Dem. — ^Let the two lines AB and CD intersect D 

at right angles at E ; and let the portion of the pj^ 104, 

plane of the lines on the side of CD on which 

B lies be conceived to revolve on the line CD as an axis,t until it falls in the 

■ _— . — 

* When a preceding principle is referred to, it should be CLccaratdy quoted by the pupiL 

t As if the paper, which may represent the plane of the lines, were folded in the line CD* 

It is imporfaot that this process be dearlj conceiyed, as it is to he made the basis of many 

sabfeqnent demonstrations. 



G2 



[EN-rAHY PL.VNE QBOl 



□ the Other Ride of CO. Then 



portion of th« plane oi 
wilh AE. 

For, the point E being in CD, does not chuig« 
And, as EB remains perpendicular to CD, it moat 
revolution, or there would be two perpendiculars to 
from the same point, E, which is impos^ble {129). 
£A. <t. b. n. 



/ 



PROPOsrnoiT m. 

137. Theorem. — From any ptnnt witi 

perpendicular can be let fall upon that line, o 

Dim. — Let AB be anj line, and P any point with 

pendicular, and onljr i 

upon AB. 

making the angle PC 
eitremity P of this 1 
the line to revolve so a 
2^ PCB decrease, and Ih 
t^.m7 " AlsomepclIloBoftl, 

two angles which it n 
becoroo eqaal. When these adjacent angles are et 
pendicular to AB {2S, 43). Moreover, there ia mi{ 
which these angles arc equal ; hence, onlj one p< 
fh>m a given point to a given line. q. k. d. 






PBOFOsmoir it. 

128. The&ren 

out a straight line 
shortest distance to 

Dkh.— Let AB be a 
without it, PD a p 
obliqne line ; then is F 
Prodoce PD, makinj 
Then let the portion 
above AB be revolved 
coincides with the poi 
and AB intersect at rl 
DP' (1^6); aiid,snce 
and PC = P'C, Oace 1 
FinaUj, PP' being a 3 
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PCP, which is a broken line, since a straight line is the shortest distance be- 
tween two points. * Hence PO^ the half of PR', is less than PC, the half of the 
broken line PCP'. q. e. d. 



PROPOSITION V, 

1^9* Ttieorem. — If a perpendicular he erected at the middle 
point of a straight lifiCy 

1st. Any point in the perpendicular is equaUy distant from the 
extremities of the line. 

2d. Any point without the perpendicular is nearer the extretnity of 
the line on its own side of the perpendicular. 

Dem. — 1st Let PD be a perpendicular to AB at its middle point D. Then, 
O being any point in the perpendicular, OA = 06. 

For, revolve the figure OBO upon OD as an axis 
until it falls in the plane on the other side of PD. 
Since ODB and ODA are right angles, DB will fall 
in DA (126) ; and, since DB = DA, B will fall at A. 
Hence, OA and OB coincide, and OA = 08. 

2d. O' being any point without the perpendicular 
on the same side as B, O'B <0'A. 

For, drawing O'A and O'B, let O be the point at 
which O'A cuts the perpendicular. Draw OB. Now 
O'B < BO + 00', since O'B is a straight and O'OB is a broken line. But, as 
OA=OB, we may substitute it in the inequality, and have O'B <0A+ 00', which 
sum = O'A. 

130* Cor. — If each of two points in one line is eqtially distant 
from the extremities of another line, the former line is perpendicular 
to the latter at its middle point 

Dem.— Every point equally distant from the extremities of a straight line lies 
in a perpendicular to that line at its middle point, by the proposition. Bat, 
two points determine the position of a straight line. Hence, two points, each 
equally distant from the extremities of a straight line, determine the position 
of the perpendicular at the middle point of the line. 




EXERCISES. 



1. Prob. — To erect a perpendicular to a given line at a given 
point in the lifts* 
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the eame point at the same time, one skating directly to the shore 
and the other obliqnely. They both reach the shore at the same 
time. Which skates the faster? What principle is involved? 

6. Several persons start at different times from the same point in 
a straight road that runs along a wood, and each travels directly 
away from the road. Will they come ont at the same, or at different 
points on the opposite side of the wood ? What principle is involved ? 
What is the geometrical language for the colloquial phrase " Directly 
away from the road" ? 

7. If I go from A to 8, Fig. Ill, by first passing over AP, will I 
gain or lose in distance by going on a little farther in the direction 
of AP before I turn and go straight to B ? What principle ia in- 
volved ? Would I gain or lose by stopping short of P on the line 
AP ? Why ? 



SECTION II. 
OF OBUQUE STRAIGHT LINES. 

PBOPOsitlON I. 

131, Theorem, — When an oblique line meets another straight 
line forming two adjaeent angles, the sum of these atiglee is two right 
angles. 

Dek.— Let the oblique line CD meet the Btraigbt 
line AB fonniog the two adjacent angles CDB ftnd 
CDA ; then CDB+CDA equals two right angles. 

For suppose CD U> revolve towfrd the poution of 
the perpendicular CD ; the angle CDB will increase 
at the same rate Ibal CDA diminiBhes; hence their 
tum will remain constant {i. e., the same). But, 
wheti CD becomes perpendicular, the sum of the 

siJJBcent angles formed vitb AB is two right angles by definitions (26, 4S^ 
Tbererore CDB4-CDA = two right angles. <t e. D. 

132- CoH. — The sum of aU the consecutive angles formed Jy any 
number of lines meeting a given line on the same side and at a given 
point is two right angles. ' 





ELEHENTABY PUKE aBOUBTBT. 

Dia*.— Tbtti AOC + CDC" + C^DC" + C"'DC" 
+ CDC + CDC + COB = ADC + C'DB, which 
Bum is two rigbt uiglea by the proposilioa. Or, in 
genend terms, the angles thus fonned can always be 
united iDto two groups, constituting respectively the 
two adjacent angles formed by one line meeting 
anotber. 



133. Dbp.— Two angles whose sum ia two right angles, are 
called Supplemental Angles. Hence, the Supplement of an angle is 
what remains after subtracting it from two right angles. 



PEOPOsmoN n. 

134. Theorem,— When any two straight lines intersect, the 
opposite or vertical angles are equal to each other, and the sum oftU 
four angles formed is four right angles. 
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PEOPOsmoN in. 

136: Theorem. — Ifttvo supplemental angles are so situated as 
to be adjacent to each other, the ttoo sides not common will fall in the 
same straight line, 

Dem. — Let the sum of the two angles 
BOA and CO'D be two right angles. 
Prolong CO', forming the angle DO'E. 
Then is DO'E supplemental to CO'D (131, 
133), and hence equal to BOA, which is 
supplemental to CO'D by hypothesis. 
Now, if AOB be placed adjacent to CO'D, 
the vertex being at 0', and the side OA 
falling in O'D, 08 will fall in O'E, since 
BOA = DO'E. Hence, when the angles 
are so situated, OB becomes the prolonga- 
tion of CO'. Q. K D. 




PKOPOSITION lY. 

137, Theorem. — If from a point without a straight line a per- 
pendicular le drawn, oblique lines from the same point cutting the 
line at equal distances from the foot of the perpendicular are equal to 
each other ; the angles which they form with the perpendicular are 
equal to each other ; and the a7iglei which they form with the line are 
equal to each other. 

Dem.— Let AB be any straight line, P any point without it, PD a perpen- 
dicular, and PC and PE oblique lines cutting 
AB at C and E, so tliat DC=DE ; then PC=PE, 
angle CPD = angle DPE, and angle PCD = 
angle PED. 

Revolve the figure PDE upon PD as an 
axis, until it falls in the plane on the other 
side of P D. Since AB is perpendicular to PD, 
DB will fall in DA; and, since DE = DC, E 
will fall at C. Now, as P remains stationaiy, 
the triangles PDE and PDC coincide. Hence, ^^^ ^^^ 

PC = PE, angle CPD = angle DPE, and 
Angle PCD = angle PED. Q. b. d. 

QUBKY.-How does the equality of PE and PC follow from {129) ? 




PROPOSITION T. 
138. Theorem.-— If from a point without a line a perpendictc- 
Ur he drawn to the line, and also from the same point two oblique 
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140. Cor. 1. — From a given point without a Une^ there can not 
be ttvo equal oblique lines drawn to the line on the same side of apeV" 
pendicular from the point to the line, 

14rl. Cor. 2. — Tv)o equal oblique lines drawn from the same 
point in a perpendicular to a given line, cut off equal distances 
on that line from the foot of the perpendicular. 

m 

Dmc—For, if the distances cut off were unequal, the Imes would be unequaL 



EXERCISES. 

1. Having an angle given, how can you constmct its supplement ? 
Draw any angle on the blackboard^ and then construct its supple- 
ment 




Fi«k ISO. 

2. The several angles in the figure are such parts of a rignt angle 
as are indicated by the fractions placed in them. If these angles 
are added together by bringing the vertices together and causing 
the adjacent sides of the angles to coincide, how will MA and GN 
lie? Construct seven consecutive angles of these several magni- 
tudes. How do the two sides not common lie ? Why ? 

3. If two times A, B, two times D, three times E, three times C. three 
times C, two times F, in the last figure, are added in order, how will 
AM and CN lie with reference to each other ? Why ? 

Ans. They will coincide. 

4. If you place the vertices of any two equal angles together so 
that two of tiie sides shall extend in opposite directions and form 
one and the same straight line, the other two sides lying on opposite 
sides thereof, how Vill the latter sides lie ? By what principle ? 

5. TTpon what principle in this section may the common method 
of erecting a perpendicular at the middle of a straight line {39, 44) 
be explained ? Upon what the method of letting full a perpendicular 
upon a straight line from a point without {4S) ? 
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allel to AB by the propoBition. But, by Cor. 1, there can be bat one line 
tbroDgh C parallel to A6. Hence the perpendicular (o FE at C coincides vriib, 
oris, the parallel CD. 



pBOPOsiTioir n. 

145. Theorem. — Two straight lines which are parallel to a 
third, are parallel to each other. 

Dmc— Let AB and CD bo each parallel to EF ; 
then are they parallel to each other. f 

For draw HI perpendicular to EF ; then will it 

be perpendicular to CD because CD is parallel Id C 

EF, For a like reason HI '» perpendicular to AB. r 

Hence CD and AB are bolh perpendicular to HI. 
sod consequently parallel, q. e. d. 



146, DEFiumoKS. — Whgn.Jyo lines are cut by a third lina 
the angles formed are named as follows : 

Exterior Angles are those without the two 
lines, as 1, 3, 1, and 8. 

Interior Angles are those within the two 
lines, ae 3, 4, 6, and 6. 

Alternate Mcterior Angles are those 
without the two lines and on diflferent sides of the 
secant line, but not adjacent, as % and ?, 1 and 8. 

Alternate Interior Angles are those 
within the two lines and on different sides of 
the secant line bnt not adjacent, as 3 and 6, 1 and 5. 

Corresponding Angles are one without and one within the 
two lines, and on the same side of the secant line bat not adjacent, 
as 2 and 6, 4 and 8, 1 and 5, 3 and 7- 




PROPOSITION m. 

147. Theorem. — If two lines are cvthy a third line, making 
the sitm of the interior angles on the same side of the secant line 
equal to two right angles, the two lines are parallel 

Dem.— Let AB and CD be met by Hie line EF, making ECO + FKB = two 
right BDgles; tben are AB uid CD paralleL 



H G/ 
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Por, through P, the middle of CK, Anxr HI 
porpendicuUr to AB. Since HPG and KPI are 
veriicnl angles, they are equal by (134). Also, 
since CKB aud CCK are both ■oppk-meoU of 
DCK, the fonner by hypothesis, and the latter 
by {133), CKB = CCK. Now, conceive the 
portion of the figure below P, while remaining 
in the Bune plane (the plane of the p8per),to 
""' '"■ rerolvc upon P (as a pivot) from righl to left till 

PK falU in PC .• Since PK = PC. K will tM at G. Aimin. Bin™ KPI ^ CPU 
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PROPOSITION IV. 

1S0» Theorem. — If two parallel lines are cut hy a third line, 
the sum of the interior angles on the same side of the secant line is 
equal to two right angles. 

Dem.— Let the parallels AB and CD be cnt by EF, then is DCK + CKB = two 
right angles. 

For, if DCK is not the supplement of CKB, 
let LM be drawn through C so as to make 
MCK that supplement Then, by the preced- 
ing proposition, LM is parallel to AB; and we 
have two parallels to AB through the point C, 
which is impossible (143). Hence, as no line 
but a parallel can make this interior angle the 
supplement of the other, the parallel makes it 

80. Q. E. D. 

[Let the student demonstrate this proposi- 
tion as the preceding was demonstrated. In this case CD and AB are parallel 
by hypothesis, and HI being drawn perpendicular to one is perpendicular to the 
other also. When K falls at G, Kl falls on CC, since from a point without a 
line only one perpendicular can be drawn to that line.] 

131. Cor. 1. — If two parallel lines are cut by a third line, the 
sum of either two exterior angles on the same side of the secant line is 
equal to two right angles. 

Deh.— FGD + EKB = two right angles. For FGD and GKB are both sup- 
plements of DGK {133, 130), and therefore equal to each other. For like 
reasons, EKB = KGD. Therefore, FGD + EKB = GKB -f- DGK = two right 
angles, by the proposition. 

132. OoE. 2. — If two parallel lines are cut by a third line, either 
two alternate interior, or either two alternate exterior, or either two 
corresponding angles, are equal to each other. 

Dem.— If CD and AB are parallel, DGK = GKB. For each is the supplement 
of KGD, the former by ( 131), the latter by (150), [Let the student show in 
like manner that AKG = KGD, FGD = AKE, CGF = EKB, FGD := GKB, and 
CGF = AKG.] 

133. OoE. 3. — Of the eight angles formed when one line cuts two 
*parallelsy the four acute angles are equal each to each, and the four 
obtuse angles ; or, in case any one angle is a right angle, all the 
others are right angles. 
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Hf4. fics.— Tlie lut two proposltloiu and their corollaries are the sontcw 
of each other; i. e,, the hjpolheseg or data and the coacluaiuos or things proved 
are exchanged. Thus, in Prop. III., the hjpotheiia is, tJiat The mm of the lot 
interior angle* on the tame tide of the leamt Uae u equal to two right angla ; aud 
the coDcluilon U, that The too kne* are paraBeL Now, in Pbop. IT., the hypulh- 
e^ U, that The tieo Unei are parotid; and the conclnsion Is, that 7^ tam of On 
two interior angle* on the tame tide cf the teeant fc'rw m Ueo right an^bt.* [A clear 
conception of this (cboliain will utc the student fh>m confbnndiDg tbeae prop- 
ositioits.] 

ntoposrno!) t. 

ISS, Theorem. — 1/ two atraight lines are ait by a third lint 
making the sum of ike interior angles on one side of the secant lint 
less than two right angles, the two lines will meet on this side of the 
secant line, if sufficiently produced. 

Dkm.— Let AB and LM be cut by EF making 
MCK 4- FKB < two right angles; then will 
AB and LM meet on ihc sideof EF on whicli 
MCK and FKB lie, if sufflcienilj produced. 

Fur the angle whicli a parallel to AB 
through C mahes with EF is the eupplemeni 
of FKB. But hj hypothesis MCK Is less than 
this supplement Hence the portion CM, of 
the :ine LM, lies within CO, and will meet 
KB if Bufficionlly produced, i). B. d. 



PBOPOSITION TL 

136, Theorem, — Two parallels are everywhere eguaUy distant 

from each other. 

Dbm.— Let E and F be any two points in the line CD, and EC and FH per- 
pendiculars measuring the diatancea between the parallels CD and AB at thesi 
points ; then is EC = FH. 
For, let P be the middle point between E and F, and PO a perpendieular at 

• TliB learner may tbink tlmt. It a propoflllon le troe, it» imyercc is necetMrtlj true ; ind 
honca, th«t Hben > propoeliiop h« been proved, ttn conve^B raai be ifSBmed w «lfo proved.. 
Now this it bj no mesne alwuyB tho rase. AlibopRh in ■ grrat variety nf nwthemaMcal prop- 
oritlone, It bappenf that the propOBldnn and lt» converse art bolh tmc, we never aHDme od< 
from havliig proved the oUier ; and wa iball occasional!/ find a propoaiLloa wtioto coDverH It 
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this point Revolve the portion of the figure on the right of PO, upon PO as 

an axis, until it falls upon the plane of the 

paper at the left. Then, since FPO and EPO 

are right angles, PD will fall in PC ; and, as 

PF = PE, F will fall on E. As F and E are 

right angles, FH will take the direction EC, 

and H will lie in EC or EC produced. Also, Fio. isft. 

as POH and POC are right angles, OB will fSall in OA, and H fulling at the same 

time in EC and OA is at their intersection C. Hence FH coincides with and is 

equal to EC. q. e. d. 
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EXERCISES. 

1. Prob. — Through a given point to draw a line parallel to a 
given line, hy the principle contained in Prop. I. of this section. 

SuG^s. — Draw a straight line on the blackboard. Designate with a dot some 
point without the line. To draw a line through the designated point and par- 
allel to the given line, is the problem. Let fall a perpendicular upon the line 
from the point. Then through the given point draw a line perpendicular to 
this perpendicular. The latter Hue will be parallel to the given line. (By what 
proposition ?) 

2. Prob. — Through a given point to draiv a parallel to a given 
line hy Prop. III. 

Sug's. — Through the given point draw an oblique line cutting the given line. 
Then draw a line through the given point making an angle with the oblique 
line equal to the supplement of the angle which is included between the oblique 
line and the given line, and on the same side of the former. [Of course the 
student will be required to do the vmk on the blackboard, guessing at notliingJ] 

3. JProb* — Through a given 
point to draw a line parallel to a 
given line, upon the principle that 
the alternate angles made by a 
secant line are equal {IS 2). 

4. A bevel is an instrument much 
used by carpenters, and consists of 
a main limb AB, in which a tongue 
CD is placed, so as to open and shut 
like the blade of a knife. This 
tongue turns on the pivot O, which 
is a screw, and can be tightened so 
as to hold the tongue firmly at ^'°' ^^' 

any angle with the limh. The tongue can also be adjusted so afl 
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SYNOPSIS OF THE THREE PRECEDING SECTIONS. 



r 



CO 



m 

M 

H 

O 
OQ 

O 



O 
P-l 

M 
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Pebpendic- 

ULABS. 



OsiilQXTB 
LiNBS. 



PaBAXLELS. 



Definition (43). 

to a given line at < Cor. 2. If one angle is right 



Pbop. I. One and only one ( (k/r. 1. Second perp. 
to a given line at \ Car, 2. If one angle is 
a given point ( Cor, 8. One of 4 angles right 



\ 



EXEBCISES. 
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Pbop. XL Revolved perpendicular. 

Pbop. III. From a point without a line. 

Pbop. IY. Shortest diatance from a point to a line. 

J Cor, Two points equal- 
ly distant from ex< 
tremities of a line, 
Prdb, To erect a perpendicular. 
Prob, To bisect a line. 
iVo6. To let fall a perpendicular. 
Other exercises. 

Prop. L Sum of adja- ( ^- f "•??„ "L^^f LJ"^'** 
«r.«* «««,i«o \ on one side oi Ime. 

cent angles. ^^ Supplement 

Prop. II. 0pp. angles equal. { ^^- ^^ »»^"* » 

Pbop. III. Supplemental angles made adjacent 
Pbop. IV. Cutting equal distances from toot of perpen- 
dicular. 
Pbop. V. Making equal angles with perpendicular. 

f (Jot, 1. Not two equal 
Pbop. VI. Cutting unequal dis- I on same side 

tances from the foot A of perpend ic. 

of perpendicular. I Cor, 2. Two equal ob- 

y lique lines. 

EXBBCISB& 

r Definition (^(T). 

fOw. 1. One parallel 
through a point. 
Cot, 2. A perp. to one 
of two parallels. 

Pbop. II. Two lines parallel to a third. 

f Exterior, Interior, Alter- 

Defs of angles formed, f ^^./iSJ:; ctil 

responding. 
Cot. 1. Sum of two Ex- 
terior angles, two 
ri^ht ancles. 
Cot, 2. Two Alt Inter., 
Alt Exter., or 
Correspond'g an- 
gles equal. 

Cot, 1. Converse of 
Cor. 1., Prop. III. 

Cot, 2. Convense Of 
Cor. 2., Prop. III. 

Ow. 8. Of the eight 
ansles. 

iSsA. Meaning of Con«' 
verse. 

Pbop. V. Sum of Inter, angles < 2 right angles. . 

Pbop. VI. Everywhere equidistant 
ExEBCiSEfs.— Pr068. 1, 2, 3. Methods of drawing. 
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Pbop. III. Sum of Inter, 
angles, two - 
right angles. 



Pbop. IV. Converse of III. - 



:ab¥ pluie qeokkibx. 
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160. Cor. 1. — A radius tvMch is perpendicular to a chord bisects 
the angle subtended by the arc of that chord. 

Thus OE bisects AOB, since BOE is found to coincide Willi AOE in the 
demonstration above. 

161. Cor. 2. — Conversely, A radius which bisects an arc is per- 
pendicular to the chord of that arc at its middle point. 

Dbm. — If OE bisects arc AS at E, when semicircle CBE is revolved "on CE 
till it falls on CAE, EB will coincide wiUi EA ; and as D remains fixed and B 
falls on A, BD coincides with DA. Hence OE has two points, and D, each 
equidistant from the extremities of AB, and is, consequently, perpendicular to 
it at its middle point 

162. Cor. 3. — Also, conversely, A radius tvhich bisects a chord is 
perpendicular to the chord and bisects the subtended arc. 

For it has two i>oints, each equidistant from the extremities of the chord. 

163. CoR. 4. — The line OD measures the distance of the chord AB 
from the centre; since, by the distance from a point to a line is 
always meant the shortest distance. 



FBOPOSinON nL 

164. Tltearem. — In the same or in equal circles^ equal chords 
are equally distant from the centre. 

Dbm.— Let and O' 
he two equal circles, and 
chord EF = chord CH ; 
then are the perpendicu- 
lars LO and NO', which 
measure the distances 
of the chords tcom the 
centre (163), equal. 

For, smce FE is per- 
pendicular to LO and 
CHtoNO',andLF = NH ^'*- ^^• 

(139), the equal oblique lines FO and HO' cut off equal distances from the foot 
of each perpendicular (141), Therefore LO == NO', q. b. d. 





XUaOEBTABT FL&NZ QEOXKIST. 



PBOPOSITIOir IT. 



IGS. Theorem, — In the same or in equal circles, equal arcs have 
eoual chords : and converstlv. eaual ehardu nuhtend Knual nrfji. 
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Conversely, if chord AB is less than chord CD, arc AmB is less than arc 
CnD. For if arc AmB = arc C»D, chord AB = chord CD (165). And, if arc 
AmB > arc C/iD, chord AB > chord CD. But both of these conclusions are 
contrary to the hypothesis. Hence, as arc AmB can neither be equal to not 
greater than arc CnD, it must be less. 



PROPOSITION TL 

167m Theorem* — In the same or in equal circles, of two unequal 
chords, the less is at the greater distance from the centre. 

Dem. — Let CE < AB, then is the perpendicular OD, which measures the 
distance of CE flrom the centre, greater than OD' 
which measures the distance of AB from the centre. 

From A lay off AE' = CE, and draw the perpen- 
dicular CD''. Then OD'' = OD, since equal chords 
are equally distant from the centre. As arc AE' < 
arc AB, AB cuts OD" in some point as H. Now OH 
> OD' since the former is oblique and the latter per- 
pendicular to AB. Also OD" > OH. Much more 
then is OD" > OD'. Therefore OD (which equals 

OD") > OD'. Q. E. D. Pio. 188. 

168* Cob. — Conversely, Of two chords which are unequally 
distant from the cefitre, that which is at the greater distance is the 

less. 

Dem. — Thus, if CE is at a greater distance from the centre than AB, CE < 
AB. For, if CE were equal to AB, it would be equally distant from the centre. 
And if CE were greater than AB, it would be at a less distance from the centre. 
Hence, as CE cannot be equal to or greater than AB it must be less. 




PBOPOSITION TIL 

169. Theorem.— 4 straight line can intersect a circumference 
in only two points, 

Dem.— The distances from the centre to the hitersections, being radii, are 
equal. Hence, as there can *e only two equal sti-aight lines drawn from a 
point to a straight line, there can be only two intersectiona. Q. b. d. 

6 
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PROPOSITION X. 



174. Theorem. — Two parallel secants intercept equal arcs. 

Deil — Let the parallels LM and RS intersect the circamference AECF ; then 
Kre the intercepted arcs AB and DC equal. 

Draw the diameter EF perpendicular to one 
of the parallels, as LM, whence it will be per- 
pendicular to the other (1^4:), Draw the radii 
OB and OD. Reyolve the portion of the figure 
on the right of EF, upon EF until it falls on the 
plane on the left of EF. Then, since RS and 
LM are perpendicular to EF, IS will fall in IR, 
and HM in HL Moreover, as there cannot be 
two equal oblique lines on the same side of a 
p«rpendicular, and from the same point {140\ 
OD and OB must coincide, and D fall at 6. In like manner &ll8 at A« and 
CD coincides with AB. Therefore CD = AB. q. s. d. 




PROPOSITION 

17 5 • Theorem* — If a seca^it he parallel to a tangent^ the arcs 
intercepted between the intersections and the point of tangency are 
equal* 

Deh.— Let the secant LM be parallel to 
the tangent RS ; then is CP = EP. 

For, draw the radius OP to the point of 
tangency; it will be perpendicular to the 
tangent {17S)y and also to the pai*allel 
LM {144). But a radius which is perpen- 
dicular to a chord, as OP to CE, bisects the 
subtended arc (ISO), hence CP = EP. In 
like manner, if VU is parallel to LM, 
CB = EB. Q. E. D. 

Fig. 189. 

17 iS* Cor. — Two parallel tangents include equal arcs between th$ 
points of tangency ; and these arcs are semi-drcumferences. 
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9. Prob* — To draw a tangent to a circle 
at agivenpomt in the circumference. 

Solution. — Let P be the point at which a tan- 
gent i3 to be drawn. Draw the radius OP to the 
given point of tangency, and produce it any con- 
venient distance beyond the circle. Erect a per- 
pendicular to this line at P, as MT ; then is MT a 
tangent to the circle (172), 



FiQ. 141*. 

10. JProb* — To find the centre of a circle whose circumference is 
known, or of any arc of it. 

SuGb^-The process is given in Pabt L Do the work as there directed, and 
then show upon what proposition in this section it is founded. 
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SYNOPSIS. 

^ DiAHETEBS. Prop. L How divide circles and circumferences. 
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Chobds. 



Secants. 



Tangents. 



Parallels. 



Prop. 

Prop. 
Prop. 
Prop. 
Prop. 



TProp. 
J Prop. 



Exercises. 



1 



U. Radius perp. 
to chord. 



! 



" Oor. 1. Bisects angle. 
Oar. 2, Converse of Prop. 
Oor.S. ** " " 
Cor. 4. Dist. from centre. 

III. Distance of equal chords from centre. 

TV. Equal ai^cs, and convei'se. 

V. Unequal arcs. 

VII. Intersect in only two points. 

Y?y^7^ .^iS.^?®^^ f to radius at extr. 



also in another. 






Prop. IX. 



Prop. X Parallel secants intercept equal arcs. 
Peop. XI. Secant par. to tangent j ^ J^^P"^"^ 

Prdb. To bisect an arc. 
Prcb. To bisect an angle. 

Prob. To draw a tangent at a point in circmnferenoe. 
^ Prob, To find centre of circumference or arc 
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PROPOSITION n. 

181. Theorem* — Two circumferen- 
ces which intersect in one pointy intersect 
also in a second point. 

Drm. — Let M intersect N at P. As M passes 
from witliont ta within the circle N, it has points 
both without and within. Now, for M to re- 
turn into itself from any point within N, as Y, 
to any point without, as X, it must intersect N ; 
but it cannot intersect in P, for a circumference 
does not intersect itself Hence, it intersects in 
ft second point, as P'. q. s. d. 




Fio. 148. 



PEOPOsmoN in. 

182. Theorem. — If a straight line be drawn through the cen- 
ires of two circlesy of the intersections of either circumference with 
that line, the one on the side toward the centre of the other circls is 
the nearest point in this circumference to that centre, and the one on 
the opposite side is the farthest point from that centre. 

Dem. — Let M and N, or M' and N', be two circumferences wtose centres are 
and O'. Draw an indefinite line through these centres. Let A and H be the 
intersections of M or M/ with this line, of which A is on the side of M or M' 
toward the centre O', and 

H is on the opposite side. |^ ivi' 

Then is A the nearest point ^/""^^^^^^^p N 
in M or M' to 0\ and H the 
farthest point from O'. 

Ftrsty To show that A is 
nearer C than any other 
point in the circumference. 
A will lie between O and C, 
in 0', or beyond 0'. When 

A lies between atid 0', as in M, let P be any other point in M, and draw OP 
and O'P. Now 00' being a straight line, is less than OPO', a broken line. 
Subtracting OA from the former, and its equal OP from the latter, we have AO' 
< PO'. When A falls at O' the truth is self-evident. When A lies beyond 0', 
as in M', let P be any other point in M', and draw OP and O'P. • Now O'P + 
00' > OP (= OA). Subtracting 00' fi-om both, we have O'P > OA — 00' 
(= O'A). Hence, in any case, A is the nearest point in M or M' to 0'. 

Second, To show that H is the farthest point in M or M' from 0'. In eithef 




Fio. 144. 
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flgore, let P* be any other point In the drcumference Uian H, Mid draw OP* 
■nd O'P'. Now, P-O + 00' > P'O'. Bat P-O = HO. Hence HO + 00' (= 
HO') > P'O' 



FSOPOSinON IT. 

183. Theftretn. — When the distance between the centres ofim 
circles is greater than the sum of their radii, the circumferences are 
wholly exterior the one to the other. 

Dbu.— Let M and N be the circatoTerencefl of two circles whose centres an 
O and O'. LetOO' be greater tlian the 
sum or the radii Then are M and H 
whollj exterior the one to the other. 

For A, the intersection of M willi 
00', is between and O', since OA < 
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Fio. 146. 



The point A, where M cuts the line Join- 
ing the centres, is between and O^ since 
OA < 00' by hypothesis. Moreover, A 
is the nearest point in M to the centre 0'. 
Again, as 00' = 00 + O'C, subtracting OA 
from tlie first member, and its equal OC from 
the other, we have O'A = OX'; that is, A is in 
the circumfeFcnce N. Hence, as A lies in N, 
and all other points in M are more distant 
irom 0' than the length of the radius O'C, M 
is entirely without N, except the point A, and the circles are tangent to each 
other externally, q. s. d. 

< 

186. CoE. 1. — Conversely, When two circumferences are tangent 
to each other externally y the distance between their centres is equal to 
the sum of their radii. 

Dem. — M being tangent to N externally, the point in M nearest the centre C 
must be in N, while all other points in M are exterior to N. Now, the point in 
M nearest to GK is A on the line joining their centres (182). A is therefore the 
point of tangency, and 00' = OA + O'A. 

187 • Cor. 2. — When two circumferences are tangent to each other 
eztemdUyy the point of tangency is in the line joining their centres. 



FBOPOSITIOX VL 

188. Theorem. — When the distance between the centres of two 
circles is less than tlie sum and greater than the difference of their 
radii, the two circumferences intersect. 

Dek. — ^Let M and N be the circumferences of two circles whose centres are 
and 0'. Let the radius of 
M be equal to or greater than 
the radius of N. Now, if 00' 
<0A + O'B, and > OA-O'B, 
M and N intersect 

For, when 00' > OA, 00' 
< OA + O'B gives 00' - OA 
(= AO') < O'B ; and when ^«- ^^^ 

00' <" OA, 00' > OA - O'B gives O'B > OA — 00' (= AC). Hence the 
nearest point in M to O' lies within N. Again, to the first member 
of 00' > OA — O'B add HO, and to the second its equal OA, and we 
have 00' + HO (= HO') > 20A - O'B. Now, since O'B "< OA,* by hypothesis, 
the diflference 20A — O'B >" O'B. Hence, HO' > O'B, and H lies without N. As, 




• Bead ** O'B is equal to or leM than OA-** 



^ ^ 



so ELEMENTABX PLANE QEOSETKY. 

Ibererure, M has oiie ptnot >t least within N and one witboat, M and H inter- 

HtcU 1}. S. Dl 

189. Cor. — ConTereely, When tw cireumfereneet intersect, the 
distance betrceen their centres is less than the turn and greater than 
the difference of their radii. 

Dek.— Let the isdioB of M be eqnal to or less than the radius of M. As Uie 
circomfereDcea intenect the farthest point H' of N from O must be farther bom 
Oihaa the length of Ibe radius of M, I. «., must lie without that circle. Bone 
have by bypothews H'O > OA. Subtracting H'O' from the first meintwr and iis 
equal BC from the seccmd, we bare H'O - CH' (= 00') > OA - BO' ; that k, 
ibe (listsDce between the cenlres is greater than the difference of the radii. 
Again, as the nearest point in M to O' must lie withia N, we bSTe AO' < BC, 
aiKl adding OA to both members, OA + AO' (= OC) < OA + 60*; that is, tbe 
distance between the ceutiee is less ilian the sum of the radii. 



FBOFosmoiir til 

190* Th^n'eni, — When the distance between the centres of two 
unequal circles is equal to the difference of tlieir radii, the lees cir- 
cumference is tangent to the other internally. 

Dek. — Let M and N be the t^rcomferences of two circles whose centres and 
0' are bo siluated that OC = OC - O'C ; then are Ibe 
circles tangent to each other internally. 

Ytxt, let N be the circumference of the less circle, so 
that OC > O'C. Let HK' be a diameter of M. By 
hypothesis OO' = OC — O'C. How, subtracting each 
mnmhf-r nf Ihia p>. . i1itv ttara OH', wn hnva OH' — OO' 
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192» Cob, 2. — When one circumference is tangent to another in^ 
ternallyy the point of tangency is in the line passing through their 
centres. 

193* ScH.~-If the radii are equal the two circumferences coincide. 




PEOPOSITION Tin, 

194. Theorem. — When the distance between the centres of two 
unequal circles is less than the difference of their radii, the less cir^' 
cumference is wholly within the greater, 

Dem. — Let N be a less circumference than M, and 00', 
tlie distance between theircentres, be less than OA — O'H', 
the difference of their radii ; then is N wholly within M. 

For, to each member of 00' < OA - O'H' add O'H', and 
wehaveOO'+0'H'<OA. But 00' + O'H' = OH'. Hence 
0H'< OA, and H', the farthest point in N from 0, is with- 
in M, and consequently N lies wholly within M. q. s. d. n. i^a 

VlQ, 149* 

195. Cor. — Conversely, W/ien a less circumference is wholly 
within a greater, the distance between their centres is less tha^i the 
difference of their radii, 

Dem. — If N lies wholly within M, the farthest point in N from 0, the centre 
of M, must be nearer than is any point in M, i, 6., 0H'< OA. Now, subtract 
O'H' from each member, and we have OH' - O'H' (= 00') < OA - O'H'. 

Q. B. D. . 

196* ScH. — ^If the centres coincide so that 00' = 0, the circumferences are 
eaid to be corieentric If, at the same time, their radii are equal, they are e&in- 
eident 



FROPOSmON 

197. Theorem. — When two circumferences inter sect, the line 
which passes through their centres is per* 
pendicular to their common chord at its 
middle point. 

Dkm.— Let the circumferences M and N 
intei-sect in the points P and P' (181); let 
PP' be the common chord, and LR the line 
passing through the centres and 0' ; then ib 
LR perpendicular to PP', 




Fig. IfiC 
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5. Given two circles O and 
0', to draw two others, one 
of which shall be tangent to 
these externally, and to the 
other of which the two given 
circles shall be tangent in- 
ternally. Give all the princi- 
ples involved in the construc- 
tion. Give other methods. 

6. Given two circles whose 
radii are 6 and 10, and the 
distance between their centres 20. To draw a third circle whose 
radius shall be 8, and which shall be tangent to the two given cir- 
cles ? Can a third circle whose radius is 2 be drawn tangent to 
the two given circles ? How will it be situated ? Can one be drawn 
tangent to the given circles, whose radius shall be 1 ? Why? 




Fio. 151. 



STN0P8IS. 






O 

OQ 
O 



o 

M 
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Pbop. I. Through 



( Oor. 1. A circf. can be passed, 
three points. < Gar. 2. A circf. determined by. 

( Oar, 3. Intersections of two circf 'a. 



Pbop. IL Two circumferences wbicli intersect in one point 

Pbof. III. Points in one circumference nearest to and farthest th)m the 
centre of anotlier. 



CO 

p; 

Is 



Pkop. IV. Greater than sum of radii. •{ Oor, Converse. 
Peop. V. Equal to sum of radii. { ^; 1; Conv*"! 



Converse. 

tangency. 



^^- ^'- "t^e^^X^l" '^^'^' *"•'"{ ««•. Converse. 

( Cl>r. 1. Converse. 
Prop. VII. Equal to diflf. of radii. < On-, 2, Point of tangency. 

( 8ch, Radii equal. 

Prop. VIIL Less than diff. of radii. | ^; Concentric, Coincident 



Prop. IX. Perpendicular to common chord. 

Prop. X. Common tangent to two circles tangent to each 1 q^^ ip^ ^^ 
other. J 

Tr^rimnTtnra i ^^^^- To pass circumference through three points. 
jiiXBRCisBs. ^ p^^ rys^ circumscribe a triangle with a circumfcre 



•rence. 
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PBOPOsrrioN n. 

204. Theorem* — In the same or in equal circles^ arcs which are 
in the ratio of ttoo whole numbers subtend angles at the centre which 
liave the same ratio, whence the angles are to each other as the arcs 
which stihtend them. 

Dem. — ^In the equal circles M and N, let the arcs EF and IH> which subtend 
the angles and 0' at the centre, be in the ratio of 5 to 8.; then are the angles 
O and 0' in the ratio of 5 to 8, 
and we haye 

a'ngU O : angle O' :: arc EF : are I H. 

For, diTfiie EF into 5 equal 
parts, as Ea, aby etc., then IH can 
be diyided into 8 such parts, l«, 
efy etc. Draw the radii Oa, Ob, 
Oc, etc., and O'e, 0% O'g, etc. ; 
and, since these partial arcs 
ai'e equal, the partial angles 
which they subtend are equal, 
by the preceding 'proposition. Now, is composed of 5 of these angles, and 
0'of8; whence 

angle : angle O' : : 5 : 8. 
But, are EF : arc IH :: 5 : 8. 

Hence, the two ratios being equal, we have 

angle O' : angle : : a/rc IH : arc EF. 

As the same method could be pursued in case the arcs were to each other as 
any other two whole numbers, the argument is general. 

205m Cob. — ConTersely, In the same or in equal circles, angles at 
the centre which are in the ratio of tzvo whole numbers, intercept arcs 
which are in the same ratio, whence the arcs are to each other as the 
angles which they subtend. 

Dem.— Thus, let angle O' be to angle O in the ratio of 8 to 5. Conceive (V 
divided into 8 equal partial angles, tlien will be divisible into 5 such partial 
angles. Now, the partial angles being equal, their intercepted arcs are equal, 
by the preceding proposition, Cor. 1. Whence, 

are IH : arc EF : : 8 : 5. 
But, angle 0' : angle : : 8 ; 5, by hypothesis. 
Hence, arc IH : arc EF : : angle O' : angle O. 

And the same method could be pursued with angles having the ratio of any 
other whole numbers. 
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Dkm.— In the equal circles M and N, and 0' being incommensurable 
angles at the centre, are to each other as the arcs EF and IH. If not, let us sup- 
pose 

arc EF ; arc IH : : angle : arigle lO'L, an angle less than 0'. 

Divide O into equal partial angles, each less than LO'H, the assumed differ- 
ence between lO'H and lO'L. Also conceive this angle to be applied as a 
measure to lO'H, beginning at O'l. At least one line of division will fall be- 
tween O'L and O'H. Let O'K be such a Ime. Now, as O and lO'K are com- 
mensurable, we have by (205) , 

arc EF : arc IK : : angle : angle lO'K. 
But by supposition 

arc EF : arc IH : : angle : angle lO'L. 

Therefore, since the antecedents are the same, 

arc IK should be to arc IH : : angle I O'K : angle lO'L 

But this is false, since 

arc IK < arc IH, whereas angle I O'K > angle 10 'L. 

Whence we learn that the fourth term of the proportion cannot be less than 
angle lO'H. In a similar manner it can be shown (let the student do it) that it 
cannot be greater. Hence it must be lO'H itself; and 

arc EF : arc IH : : angle O : angle lO'H. 

208. ScH. — Out of the truths developed in the three preceding proposi- 
tions grows the method of representing angles by degrees, minutes, and seconds, 
as given in Trigonometry (Part IV., 3-6). It will be observed, that in all 
cases, if arcs be struck with the same radms, from the vertices of angles as 
centres, the angles bear the same ratio to each other as the arcs intercepted by 
their sides. Hence the arc is said to measure the angle. Though this language 
is convenient, it is not quite natural ; for we naturally measure a quantity by 
another of like kind. Thus, distance (length) we metisure by distance^ as when 
we say a line is 10 inches long. The line is leTigih ; and its measure, an inch, 
is length also. . So, likewise, we say the area of a field is 4 acres : the quantity 
measured is a surface ; and the measure, an acre, is a surface also. Yet, not- 
withstanding the artificiality of the method of measuring angles by arcs, 
instead of directly by angles, it is not only convenient but univei*sally used ; and 
the student must know just what is meant by it. For example, a circumference 
is conceived as divided into 360 equal arcs, called degrees. Hence, as a light 
angle at the centre is subtended by one-fourth of the circumference, it is called 
an angle of 90 degrees. 180 degrees is the measure of two right angles, 45 de- 
grees, of half a right angle, etc. Thus we get a perfectly definite idea of the 
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™J"'"'"- ''°'ir/" '*' »«™« <"■ equal eirch. all 
e,ual ere,, and a„ comtqumtly equal. If a, 

w" ,'-^ " '""■"■"''' "«''''■ 'freaJman a 
semicircle, acute. 

^-^ each Bepamte «gnre the an^es p we mruX 
for they are each meaflured by half the same arc I^ 

O each angle P ia acute, being measured by Jm. which 
IS less than a quarter of a circumference. ... In 0' each 
angfe P w a right angle, being measured by f^', ^hieh 
is a quadrant (quarter of a circumference). In O" 

each angle P is obtuse, being measured by {m" which la 
ereater Qua a quadrant. 

SCH.-The converse of thia proportion is naually taken 
for srrMted ; i. e., that if the Beyeral angles P, P. etc are 
fqnal and subtended by the same chord, their verUces Ue 
in the circumference. This is readily proved rigorously 
«fter the nest two propositions. Thus, if vertex P were 
without, the angle would be measured by lAB - J the 
oUierinterceptedarc; andifwithin.by JAB +* the other 
mteicepted arc 

PBOPosmos r. 

*»<».«. i,. .aes a.i ,U siOe. of iLerZT. ^' ,'^eZ^ ZX.'^"" 

jfiin , on, J \H. ^ ' ^^° measured by 

ilAD +CB); and APC. or its enin.1 BPn i= ™ , 

by \ (AC + BD). ^ ' " "'^"•^ 

ECD = APD (/52). and CB = EA (I'J^-) Bui ECD in 

Tt^T cbI * '° *^-''"' """" '"""'^ * *'^'' -^ ") = 

*(A?!'Rn^*^' "'■ "I*'!"'" ^PD. i^ meaaui-ed by 

1 (AC + SD), appears from Iho fact that the sum of the «o. 16S 

APC + RPn «-oVdX' . "•" "^ measured by AD + CB- whe.im 

".uy «v-t-Du. men IS APC measured by i (AC + BD). 
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213* ScH. — ^The case of the angle included between two chords passes 
into that of the inscribed angle in the preceding proposition, by conceiving AB 
to move parallel to its present position until P arrives at C and BA coincides 
with CE. The angle APD is all the time measured by half the sum of the iu- 
tercepted arcs ; but, when P has reached C, CB becomes 0, and APD becomes 
an inscribed angle measured by half its intercepted arc. 

In a similar manner we may pass to the case of an angle at the centre, 
by supposing P to move toward the centre. All the time APD is measured by 
i(AD + CB) ; but, when P reaches the centre, AD = CB, and i (AD + CB) = 
I (2AD) = AD ; f . e.^ an angle at the centre is measured by its intercepted arc. 



PROPOSniOlf TL 

214. Theorem. — An angle formed by two secants meeting with- 
out the circle is measured by otte-kalf the difference of the intercepted 
arcs. 

Dsic — Let APB be an angle formed by the two se- 
cants AP and PB ; then is it measured by i (AB — CD^ 
i. «., one-half the di£ference of the intercepted arcs. 

For, draw CE parallel to PB ; then CD = EB {174), 
and ACE = its corresponding angle APB. Buft ACE is 
measured by ( aE=( (AB— EB)=^ (AB-CD). q. b. u 




215» ScH. — This case passes into that of an in- 
scribed angle, by conceiving P to move toward C, thus 
diminishing the arc CD. When P reaches C, the angle 
becomes inscribed; and, as CD is then 0, i(AB — CD) 
= i AB. Also, by conceiving P to continue to move 
along PA, CD will reappear an the other Me of PA, 
hence will change its sign,* and i(AE — CD) will become i(AE + CD), as it 
should, since the angle is then formed by two chords' intersecting within the 
circumference. 



Fio. 160. 



PROPOSITION YIL 

213. Hieorem. — An angle formed by a tangent and a cliord 
drawn from, tlie point of tangency is measured by one-half the inter- 
cepted arc, 

* In accordance with the law of positive and negative quantities as used in mathematics, 
whenever a continaoasly varying quantity is conceived as diminishing till it reaches 0« and 
then as reappearing by tho same law of change, it mast change its sign. 



MEA8UBEMEKT OF AN( 

DEM.~Let TPA be an angle formed by TM 
tangent at P, and the chord PA; then is TPA 
measured by one-half the intercepted arc AP. 
For, draw any chord CD parallel to TM and 
cutting AP. Then CEA = TPA. But CEA is 
measured by i (AC 4- PD). Hence, as PD = CP 
{17S)y TPA is measured by i (AC + CP), or i 

AP. Q. B. D. 

Show that APM is measured by i arc AmP. 
Also, observe how the case of two secants 
(214) passes into this. 



PBOPOSinoN Tin 

217. Theorem. — An angle formed by 
by one-half the difference of the intercepted 
arcs. 

Dem. — ^Let APB be an angle formed by the 
two tangents AP and P6 ; then is it measured by 
1 {arc CmD — are CnD), t. «., one-half the differ- 
ence of the intercepted arcs. For, through one of 
the points of tangency, as C, draw a chord, as CE, 
parallel to the other tangent. ITow, ACE is 
measured by i are CE, by the last proposition. 
But ACE = APB, and arc CE = CwD — DwE = 
CmD — CwD, since CwD = EwD (17S). Hence, 
APB is measured by i (CmD — CnD). q. e. d. 

218. ScH.— The case of two secants (214) 
passes into this by supposing the secants to 
separate until they become tang^its. 



EXERCISES. 

1. JProb. — Through a given point to drc 
line, on the principles co7itained in {149), (^ 

Solution. — Through P to draw a parallel to AB. 
any radius greater than the distance 

from P to AB, describe an arc cut- , 

tins^ AB, as ae. From a as a centre, m ■ . 9k^ 

with the same radius, strike an arc \ 

through P, intersecting AB, as Pb, \ 

Take the chord Pb and apply it f^ — ^ 
from a on the arc ae, as aO. These 
chords being equal, the arcs Pb and 



102 



ELEMEMTABY FIAKB OBOMETBT. 




Fia. 164. 



aO are eqnal (IBS), A^ain, angle Pab = angle 
OPo, since they are measured by equal arcs struck 
with the same radius {201). These alternate 
angles being equal, MN is parallel to AB {149). 

2. In Fig. 164 there are 4 pairs of equal 

angles. Which are they, and why ? Show 

also that COB = ABD + CDB, by {210)y 

and {212). Show also that DOB z= ABC + 
DAB. 



3. Frob. — From a point without a circle to draw a tangent to 
the circle. 

SoLxmoN. — Let be the given circle, and P the given point Join P with 
the centre 0, and upon PO as a diameter describe a circle. Let T and T' be 

the intersections of the two cir- 
cumferences. Now, if lines be 
drawn from P through T and T', 
they will be tangent to the cir* 
cle O. For OTP and OT'P, 
being inscribed in semi-cu*cles, 
are right angles {211), Hence, 
PM is perpendicular to radius 
OT at its extremity T, and 
is therefore a tangent {172), 
In like manner PT is shown 
to be a tangent, and we see 
that from a point without a cir- 
cle two tangents can he drawn to 
the circle. 




Fie. 165. 



4. Prob* — On a given line, to construct a segment tohich shall 

contain a given angle. 

Solution. — Let AB be 
the given line, and the 
given angle. At one ex- 
tremity of the given line, as 
B, construct an angle ABC 
equal to the given angle 0, 
which shall lie on the oppo- 
si te of AB from that on which 
the required segment is to 
lie. Erect a perpendicular 
to the line CB at B, and also 
a perpendicular bisecting 
AB. Let FB and FE be 





MEiSUBEia^IT OF ANQLE8. 



these perpendicnlarB, iniereecting at F. 
equal 10 FB, describe & circle. Then 
CB being perpendicular to radius FS 
circle, aud angle ABC (= angle 0) is meas 
any angle inscribed in the segment Am'm 
measure, and is, consequenily, equal tit 0. 

Another Solution.— On the side of AB oi 
OBff liae thi-ough either eitremiiy of AB, 
maldiig an a&ite angie with AB. Let CB 
be such a line. At any point in CB, as 
C, draw a line CE, making angle ECB = 
the given angle 0, Mg. 166. Through A 
pass a parallel to CE (see Ex. 1), aa AD. 
Pass a circumference through A, D, aud 
B. Any angle inscribed in segment AmB 
is equal to 0. [Let the student give all 
the reaaons, and make the conHtruciion. 
The requisite marks for the conatmction 
are made in the figure. Why is it stud, 
make CBA an acute angUf When would 
a right angle answer f When an obtuse 
Angle t] 
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From F as a centre, with a radius 
i AHB the segment required. For, 
it its extremity, is tangent to the 

red by i of arc AmB (3i6). Now, 



'B, as AHB, has i AmB for i 



1 which the segment is to lie, draw 




SIVOFSIS. 

' How angles are measured. 

( 4 nght angles, 

the same ratio ) 



1 Cor. Converse. 

i Car. Converse. 
Prof. III. Incommensurable arcs, i Beh. Method of measuring 
( angles. 

Inscribed angle, whatf 

Prof. IV. Inscribed angle, how measured. | ^^- ^^^^^ .=.<"< 

Prop. V, Angle between twochords. ^SA. Compared with preceding. 

Mils. I Seh. Compared with Prop. IV. 

t and chord. 

ogents. } Seh. Compared with Prop. VI. 

rallel through a given point, 
igeut to a circle Thim a point without - 
a segment on a given line which sbaH 
Ten angle. 
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SECT/ON VIL 

OF THE ANGLES OP POLYGONS, AND THE RELATION BETWEEN 

THE ANGLES AND SIDES. 



OF TRIANGLES. 




PROPOSITION L 

%19* Theorem. — The sum of the three angles of a triangle is 

two right angles. 

Dem. — Conceive a eircamference passed through 
the vertices ^f the triangle, as abe^ through the ver- 
tices of the triangle ABC (5^). The angle A is 
measured by \ arc a, B by 1 6, and C by i c. Hence, 
A + B + C is measured by i (a + ft + c), or a 
semi-circumference, and is equal to two right angles 
{203). Q. E. D. 

Fio.168. 220. Cob. 1. — A triangle can have only 

tne right angUy or one obtuse angle. Why ? 

221. Cob. 2. — Two angles of a triangle, or their sum, being 
given, the third may be found by subtracting this sum from two right 
angles, i. e., either angle is the supplement of the other two. 

222. Cob. 3. — The sum of the two acute angles of a right-angled tri- 
angle is equal to one right angle; i.e., they are complements of each other. 

223. Cob. 4. — If the angles of a triangle are equal each to each, 
any om is one-third of two right angles, or two-thirds of one right angle. 



PROPOsmoN n. 

224. Theorem. — The sides of a triangle sustaifi the same 
Qt^^^iULij relation to one another as their opposite angles; that is, the 
greatest side is opposite the greatest angle, the second greatest side 
opposite tlie second greatest angle, and the least side opposite the least 
angle. 




OF THE ASGLE8 OF TRIANGLES. 




Dbh.— In the IrUngle ASC let C > B > A be 
the order of the values of the anglea; then AB > 
AC > BC ia the order of the values of the sides. 

For, drcomscribe the circumference abe. The 
angle C being greater than B, the arc e, the half of 
nhlch measares C, is greater than the arc b, the 
lialf of wliich measures B. Now, the plater arc 
has the greater chord {166). Hence, AB > AC. 
In like manner, if B > A, arc S > arc a, and AC > 
BC. If either angle, as C, is obtuse, AB ia greater p„, ,«,. 

tlian AC or BC.becauee it lies nearer Uiecectre (167). 

32d, Cob. 1. — Converaely, The order of the magnitudes of tht 
sides being AB > AC> BC, the order of Ike magnitudes of the angles is 
C> 8> A. 

[Let the student give the demonstration in form.] 

226. Cob. 2, — An equiangular triangle is 
also equilateral; and, conversely, an equilateral 
triangle is equiangular. 

Dem.— If A = B=C, arco = arcd = 8rcc, and, 
consequently, chord BC = chord AC = chord AB. 
Conveivel7, if the chords are equal, the arcs are, and 
hence the angles subtended by these arcs. 

fifi7' CoK. 3. — In an isosceles triangle the 
angles opposite the equal sides are equal; 
and, conversely, if two angles of a triangle 
are equal, the sides opposite are equal, and 

the triangle is isosceles. 



Dkil— If AB = BC, s 
angle A, meaanred by J a 
ie. Conver8ely,lfA = C 



I o — arc 1) ; and hence, 
= angle C, measured by 
\xca — arc e ; and hence 
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PROPOSITION IIL 

229. Theorem^* — If from, any point within a triangle lines 

he drawn to the extremities of any side, the 
included angle is greater than the angle of the 
triangle opposite this side. 

Deh. — Let OA and OB be two lines drawn from 
any point O within the triangle ABC, to the extremi- 
ties of the side AB ; then angle AOB > ACB. 

For, circumscribe a circle about the triangle. Now, 
ACB is measured by \ AnB, but AOB is measured by 
i (A/iB + EmD). Therefore, AOB > ACB. <^ b. d. 




230* An Exterior Angle of a polygon is an angle formed 
by any side with its adjacent side prodnced, as CBD, Fig. 174. 



PROPOSITION IT. 

231. Ttiearem* — An exterior angle of a triangle is equal to the 

sum of the two interior non-adjacent angles. 

Dbm. — ^Let ABC be any triangle, and CBD an ex* 
terior angle; then CBD = A + C. 

For CBD is the supplement of CBA by {13 1), and 
CBA is the supplement of A + C by {221). Hence, 
CBD = A + C. Q. E. D. 

Pig. 174. 232. CoR. — Either angle of a triangle not 

adjacent to a specified exterior angle, is equal 
to the difference of this exterior angle and the other non-adjacent 
angU. 

Thus, since CBD = A + 0, by transposition, CBD — A = C, and CBD -^ C 
= A. 





OP THE ANGLES OP QUADRHJL'] 



OF QUADRILATERALS. 



PROPOSITION T. 

233. Theorem. — The sum of the angles 
four right angles. 

Dem:. — Let ABCD be any quadrilateral ; 
then DAB + ABC + BCD + CDA = four 
right angles. 

For, draw either diagonal, as AC, di- 
viding the quadrilateral into two triangles. 
Then, as the sum of the angles of the two 
triangles is the same as the sum of the an- 
gles of the quadrilateral, and the sum of 
the angles of the triangles is twice two 
right angles {219) ; the sum of the angles of the q 
angles. Q. E. D. 




PR0P0SITI05 VL 

234:. Theorem* — The opposite angles 
tohich can he inscribed in a circle are supplemc, 

Dem. — Let ABCD be any inscribed quadrilateral; 
tlien A + C = two right angles^ and D + B = two 
rigM angles. 

For, A is measured by i arc BCD, and C is meas^ 
ured by i are DAB {210), Hence, A + C is meas- 
ured by one-half a circumference, and is, therefore, 
equal to two right angles {203). In like manner D 
is measured by i arc ABC, and B hy i are ADC. 
Consequently, D + B is measm*ed by one-half a cir- 
cumference, and is, therefore, equal to two right 
angles. 



PROPOSITION vn. 

23 Sm Theorem. — The opposite angles of 
equal, and the adjacent angles are supplementart 

Dem.— ABCD, Mg. 177, being any parallelogram, A = 
C + D, D + A, and A + B, each = two right angles. 
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For, produce any side, as AB, forin- 
ing the two exterior angles EAD and 

Z CBF. Since CB and DA are parallel* 

and FE cats them, the oonesponding an- 
g "p gles, CBF and DAB are eqoal (li>2). 

*" '^ Fw. ITT. Again, since EF and DC are parallel, and 

CB cuts them, the alternate interior* 
angles CBF and C are equal {1S2\ Hence, as DAB and C are each equal to 
CBF, they are equal to each other. In a similar manner D can be proved equal 
to CBA. [Let the student give the proof.] 

Tbat tlie angles B and of the parallelogram are supplemental is evident 
from (1&0\ which proves that the sum of two interior angles on the same side 
of a secant cutting two parallels is two right angles. For a like reason A -j- D 
= two right angles^ etc. 

236* Cob. 1. — Hie tuto angles of a trape- 
zoid adjacent to either one of the two sides 
not parallel are supplemental. 



Fro. 178. [Let the student show why.] 



237 • Cob. 2. — If one angle of a parallelogram is rights the others 
are also, and the figure is a rectangle. 



PROPOsmoir thl 

238. Theorem. — Conversely to the last, If the adjacent angles 
of a quadrilateral are supplementary, or the opposite angles equal, 
the figure is a parallelogram, 

Dbk.— If A + D = two right angles, AB and DC are parallel by (147). 

For a like reason, if D + C = two right 

ZQ angles, DA and CB are parallel. Again, 

if A = C and D = B, by adding we 
have A + D = C + B. But A + D 4- 

B F C + B = four right angles (233), 

Hence, A + D = two right angles, and 
^'®* ^'^' AB and CD are parallel. So, also, A + 

B can be shown to be equal to two right angles ; and, consequently, AD and 
CB are parallel. 




* Interior with reference to the parallels (146). 
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PROPOSITION 

239m Theorem. — If tzvo opposite sides of a quadrilateral an 
equal and parallel, the figure is a parallelogram. 

Dem.— In (a) let DC be equal 
and parallel to AB ; then is ABCD 
a parallelogram. 

For, drawing the diagonal 
AC, it makes the angles ACD and 
CAB equal, since they are altern- 
ate interior angles (152), Con- 
ceive the quadrilateral divided 
in tins diagonal into two tri- 
angles, as in (b). Reverse the 
triangle ACB and place it as in 
(c). Draw DB. Since angle DCA 
=: angle CAB. and DC = BA, if 
CBA be revolved upon AC, AB 
will take the direction CD, B will 
fall in D, and CBA will coin- 
cide with ADC. Hence, angle 
ACB = angle DAC. But in (a) 
these are alternate interior an- 
gles made by AC with AD and EC. 
q. E. D. 




Fie. 180 



Therefore, AD is parallel to BC (149). 



PROPOSITION X. 

240. Theorem.— If the opposite sides of a quadrilateral are 
equal, the figure is a parallelogram. 

Dem.— In (o) let AB = DC. 
and AD = BC ; then is ABCD a 
parallelogram. 

For, divide the quadrilateral 
in the diagonal AC, and revera- 
ing the triangle ABC, place it 
as in (c), and draw DB. Since 
AB = CD, and CB = AD, DB is 
perpendicular to CA (ISO). 
Now, revolving ABC upon CA, 
it will coincide with ADC. Hence, 
angle DCA = angle CAB, and 
AB is parallel to DC. Also, 
angle DAC = angle BCA, and 
AD is parallel to BC. There- 
fore, ABCD is a parallelogram. 
Q- E. D. Fm. ist 
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PROPOSITION XL 

241. Theorem. — Conversely to the last, The opposite sides of 
a parallelogram are equal. 

P C Dbm.— Let ABCD be a paral- 

lelogram; then AB = DC, and 
AD = CB. 

Since DC is parallel to AB, an- 
gle DC A = angle CAB. Also, since 
AD is parallel to BC, angle DAC 
= angle ACB {152). Now, divide 
the parallelogram (a) in the di- 
agonal, and place ABC as in (e). 
Revolve ABC on AC, until it falls 
in the plane on the other side of 

AC. Since angle BAC = angle 
ACD, AB will take the direction 
CD, and B will fall in CD, or CD 
produced. Since angle BCA = 
angle DAC, CB will take the 
direction AD, and B will fall in 

AD, or in AD produced. There- 
fore, as B falls at the same time in AD and CD, it falls at the intersection D, and 
the triangles coincide. Hence, AB = CD, and AD = CB. q. e. d. 

24:2. Cor. 1. — Parallels intercepted between parallels are equal. 

« 

243. CoE. 2. — A diagonal of a parallelogram divides it into two 
equal triangles. 




Fie. 182. 



PROPOSITION xn. 

244. Theorem. — The diagonals of a parallelogram bisect each 
other. 

Dbm. — Let AC and DB be the diagonals of 
the parallelogram ABCD (a), and Q their inter- 
section ; then, DQ = QB, and AQ = QC. 

For, take tlie triangle AQB, and apply it to 
DQ'C, by placing BA in its equal DC, B falling at 
D, and A at C, with the vertices Q and Q' on the 
same side of this common line, as in (&). Now, 
smce angle QBA = Q'DC {152)y BQ will take the 
direction DQ^ and Q will fall in DQ', or in DQ' 
produced. For a like reason AQ will take the 
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Fxa. 183. 

direction CQ', and Q will fall in CQ', or in CQ' produced. Hence, as Q falls 
at the same time in DQ' and CQ', it &lls at their intersection Q'; whence 
BQ = DQ', and AQ = CQ'. q. e. d. 
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PROPOSITION XnL 

245. Theorem. — The diagonals of a rhombus bisect each other 
at right angles. 

Dem.— Let AC and DB be the diagonals of the 
rhombus ABCD; then are they at right angles to 
each other, and bisected at Q. 

For, since AS = AD, and DC = CB, AC has two 
of its points equally distant from D and B, and is, 
therefore, perpendicular to DB, at its middle point 
(ISO). In like manner D and B are each equidistant 
from A and C, whence Q is the middle point of AC. 

246* Cob. — The diagonals of a rhombus bisect its angles. 

For, revolve ABC upon AC as an axis, and it will coincide with ADC. Hence 
angles A and C are bisected. In like manner revolve DAB upon DB, and it will 
coincide with DCB. Hence D and B are bisected. 




PROPOSITION xiy. 

247» Theorem. — The diagonals of a rectan^ 
gle are equal. 

Dem. — Let AC and DB be the diagonals of the rectan- 
gle ABCD ; then AC = DB. 

For, upon AC as a diameter describe a circle. Since 
D and B are right angles, they are inscribed in semicir- 
cles (211), and DB is a diameter. Therefore, AC = DB. 

Q. B. D. 




Fzo. 186. 



248. Cor. — Conversely, If the diagonals of a parallelogram are 
equal, the figure is a rectangle. 

Dem. — Since the diagonals of a parallelogram bisect each other, if they are 
equal, a circumference described from their intersection as a centre, with a 
radius equal to half of a diagonal, will pass through the vertices of the parallel- 
ogram. Hence the diagonals will be diameters, and the angles will be inscribed 
in semicircles, and consequently will be right angles. 
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OF POLT€K)irS OF MORE THAN FOUR SIDES. 

249. A Salieni Angle of a polygon is one whose sides, when 
produced, can only extend without the polygon. 

250* A Re-entrant Angle of a 

polygon is one whose sides, when pro- 
duced, can extend within the polygon. 

III. — la the polygon ABCDEFG, all the an- 
gles are salieat except D, which is re-entrant 

2S1. A Convex Polygon is a 

polygon which has only salient angles. 
A polygon is always supposed to be con- 
vex, unless the contrary is stated. 

252* A Concave or He-entrant Polygon is a polygon 
with at least one re-entrant angle. 




Fig. 186. 



PROPOSITION XT. 

253. Theorem. — The sum of the interior angles of a polygon 
is equal to twice as many right angles as the polygon has sides, less 
four right angles. 

Dek. — Let n be the number of sides of any 
polygon ; then the sum of its angles is 

n times ttoo right angles — 4 right angles. 

For, from any point 0, within, draw lines tr. 
the vertices of the angles. As many triangles 
will thus be foimed as the polygon has sides, that 
is, n. The sum of the angles of these triangles is 

n times ttoo right angles {219). 

But this exceeds the sum of the angles of the 
polygon by the sum of the angles at the common vertex O, that is, by 4 right 
angles. Hence the sum of the angles of the polygon is 

n times two right angles — 4 right angles, q. b. d. 

254. ScH. 1. — The sum of the angles of a pentagon is 6 times two right an- 
gles — 4 right angles^ or 6 right angles. The sum of the angles of a hexagon is 
8 rigTU angles; of a heptagon, 10; of an octagon, 13, etc. 




Fig. 187. 
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" 23S^ Scs. 2. — This proposition is equally applicable to triangles and to 
quadrilaterals. Tlins the sum of the angles of a triangle is 3 times two right 
angles — 4 right angles (or 6 — 4) = 2 right angles. So also the sum of the 
angles of a quadrilateral is 4 times two right angles — 4 right angles^ or 4 right 
angles. 

2SS. SoH. 3. — To find the value of an angle of an equiangular polygon, 
that is« one whose angles are equal each to each, divide the sum of all the 
angles by the number of angles. 



PROPOSITION XYL 

2S7» Theorem. — If the sides of a polygon be produced so as to 
form oiie exterior angle {and only one) at each vertex, the sum of 
tliese exterior angles is four right angles. 

Dbm. — Let n be the number of sides of any 
polygon. At each of the n angles, there is an 
interior and an exterior angle, whose sum, as 
A + a, is two right angles. Hence the sum of 
all the exterior and inteHor angles is n times two 
right angles. Now, from this sum subtracting 
the sum of the exterior angles, the remainder 
is the sum of the interior angles. But, by tlie 
preceding proposition, 4 right angles subtracted 
from n times two right angles^ leaves the sum 
of the interior angles. Therefore the sum of 
the exterior angles is 4 right angles, q. e. d. Fw. 188. 




OF REGULAR POLTOONS. 



FROFOSITION XYIL 

2S8. Tfieorem. — TJie angles of an inscribed equilateral polygon 
are equal ; and the polygon is regular. 

Dem.— Let ABCDEF be an inscribed polygon, with AB = BC = CD, etc.; 
then is angle A = B = C = D, etc., and the polygon is regular. 

For, from the centre of the circle draw OF, OA, and OB, and also the per- 
pendiculars Oa and Ob, Revolve OFA upon OA »s an axis, until it falls in the 

8 
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plane of OAB. Since the chords FA and AB are equal, the are FA = arc AB, 

and F falls at B. Hence the triangles OFA and OAB 
coincide. The angle A of the polygon is therefore 
hisected by OA ; tliat is, OAF = OAB. In the same 
manner OBA can be shown eqnal to OBC. Moru- 
oyer, since OA and OB are equal oblique lines drawn 
from a point in the perpendicular, angU OAB =r 
an^le OBA. Hence, as the half of A equals the half 
of B, A = B. In like manner, B can be shown equal 
to C, C to D, D to E, etc. Therefore the polygon is 
equiangular, as well as equilateral, and consequently 
regular (-iJfT). q. s. D. 




PROPOSITION XYin. 

259m Theorem^ — The sides of an inscribed equiangular polygon 
are equal when their number is odd ; and the polygon is regular, 

Dem. — Let ABCDEFG be an inscribed equiangular polygon of an odd 

number of sides ; then is side AB = BO = CD, etc. , 
and the polygon is regular. 
. For, from the centre of the circle draw the 
radii OA, OB, etc., to the vertices of the polygon, 
and Oa, 05, etc., perpendicular to the sides. Rc- 
Tolve the quadrilateral OGAa, upon Oa as an axis 
until it falls in the plane of OCBa. Since Oa 
is perpendicular to the chord AB, Aa = aB, and 
A will f'lll at B. Also, as tlie angle A of the poly- 
gon = B, AG will fall in BC. Now G falls at the 
same time in the arc BCD (138) and in BC, and 
hence falls at their intersection C. Therefore AG 
= BC. In like manner reyolying OBCc upon Oc 
as an axis, BC is found equal to ED. So also we 
can show that ED = FG ; then that FG = AB ; then that AB = DC ; and finally, 
that DC = EF. Hence we haye GA = BC = ED = FG = AB = DC = EF ; and 
as the polygon is equiangular by hypothesis, it is regular (117)' 9,- si- 1>- 

2S0. ScH. — ^It is easy to see that the above argu- 
ment would fail in the case of a polygon of an even 
number of sides, because, in going around the second 
time the same sides would coincide as in going around 
the first time. Moreover, we can readily inscribe an 
equiangular polygon of an «wn number of sides which 

shall not be regular. 
Fio. 191. 




Fi6. 190. 
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PBOPOSmON 

261. Theorem. — The sides of a circumscribed equiangular 
polygon are equal ; and the polygon is regular. 

Dbm. — Let ABCDEF be a circumscribed polygon, with angle A = B = C, 
etc. ; then is AB = BC = CD, etc, and the polygon is regular. 

For, from the centre of the circle, draw OA, OB, 
etc., to the vertices of the polygon, and 0«, 06, etc., 
to the points of tangency. The latter will be per- 
pendicular to the sides by {17 S). Now revei-se the 
triangle AaO, and apply it to A^O, placing Oa in its 
equal Ob ; aA will take the direction bk. Then will 
OA of the triangle AaO, fall in OA of the triangle 
A60, since there cannot be two equal oblique lines on 
the same side of 06 (140y Hence angle bAO = arigle 
aAO, and bA = aA. In the same way it can be Fw. 192. 

shown that OB, OF, etc., bisect the other angles, and that bS = Be, etc. 
Whence, as the polygon is equiangular, these halves are equal, that is, OAa 
= OFa, etc. Then, as OA and OF make equal angles with AF, tliey cut off 
equal distances from «, and Aa = aF. So, likewise, we can show that Ad = ftB, 
and that each side is bkected at the point of tangency. Therefore, as the halves 
of the sides are equal, the polygon is equilateral, as well as equiangular, and 
consequently regular {llf). Q* e. d. 




PROPOSITIOIf XX. 

262. Theorem. — The angles of a circumscribed equilateral 
polygon are equal wJien tlieir number is odd ; and tJie polygon is 
regular. 

Dem. — Let ABODE be a circumscribed polygon 
with AB = BC = CD, etc. ; then is angle A = B 
ts C = D, etc, and the polygon is regular. 

In the same manner as in the preceding demon- 
stration, we may show that OA, OB, etc., bisect 
the angles of the polygon. [The student should 
go through the process.] Then revolve the tri- 
angle AOE upon AO as an axis till it falls in the 
plane of AOB; and as angle OAE =r angle OAB, 
and AE =:r AB, the triangles will coincide. Hence ^ c 

angle OEA, the half of angle E of the polygon, Pw. IM. 

equals angle OBA the half of B, and E = B. In like manner revolving AOB 
upon OB, we can show that A = C. So also we find B = D, and D = A. 
Therefore the polygon is equiangular as well as equilateral, and consequently 
regular, q. b. b. 
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263m ScH. — That the above style of atgament fails in the case of a polygon of 

an even number of sides, may be obsenred by attempt- 
ing to apply it Thus, from I^, 192, ve would haye 
A = C, B = D, C = E, D = F, E = A, and F = B. 
From these w.e have A = C = E, and B = D = F. 
But the process will not give any one of the first three 
Fig. 1M. angles equal to any one of the second set That is, 

It doesttot follow that two adjacent angles are equal in case the number of sides 
is eoen. We can readily construct a circumscribed equilateral polygon which 
shall not be equiangular. 




PROPOSITION XXL 

264r* Theorem* — A circumference may be circumscribed about 
any regular polygon. 

Dem. — Let ABCDEF be a regular polygon. Bisect AF with a perpendicular 

Oa. Any point in this perpendicular is equidistant 
from A and F. Bisect AB, adjacent to AF, with a 
perpendicular^ as Ob. Any point in this perpendic- 
ular is equidistant from A and B. Hence tlic inter- 
section of these perpendiculars, 0, is equidistant from 

A, F, and B, and a circumference described from ns 
a centre, with a radius OA, will pass through F and 

B. Now revolve the quadrilateral F06A upon Ob as 
an axis until it falls in the plane of C058, bk will 
fall in its equal bS ; and since angle A = angle B, 
and side AF = side BC, F will fall at C. Thus it 
appears that the circumference described fi'om O, 
and passing through F, A, and B, also passes through 

C. In a similar manner it can be shown that the same cu'cumfcrence passes 
through all the vertices, and hence is circumscribed, q. e. d. 

26S* Cor. 1. — A circumference may be inscribed in any regular 
polygon, 

Dem. — ^For, having circumscribed one about it, the equal sides become equal 
chords, and hence are equally distant from the centre. If, therefore, a circle be 
drawn from as a centre, with Oa as a radius, it ^ill touch every side of the 
polygon at its middle point. 

266* Cob. 2. — The centres of the inscribed and circumscribed 
circles coincide. 

267 • The Centre of a regular polygon is the common centre 
of its inscribed and circumscribed circles. 
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268. An Angle at the Centre of a regular polygon is the 
angle included by two lines drawn from the centre to the extremities 
of a side, as FOA, AOB. 

269* CoR. 3. — The angles at the centre of a regular polygon are 
equal each to each; and any one is equal to four right angles divided 
by the number of sides of the polygon, 

270. The Apothem of a regular polygon is the distance from 
the centre to any side, and is the radius of the inscribed circle. 



PROPOSITION xxn. 

271» Theorem. — The side of a regular inscribed hexagon is 
equal to the radius. 

Dkm. — Let ABCDEF be a regular inscribed hexagon ; then is any side, as 
BC, equal to OB, the radius. 

In the triangle BOC the angle is measured by 
the arc BC, or J of a circumference, and hence is i 
of 4 right angles, or | of a right angle. Angle ABC 
is measured by 1 arc CDEFA, or f of a circumfer- 
ence. Hence angle OBC, which is i of ABC, is 
measured by i of f, or J of a circumference, and is, 
consequently, equal to BOC. So also 0C6, the half 
of DCB, is measured by t of a circumference. Hence 
OCB is equiangular, and consequently equilateral 
(226), and BC = OB. q. e. d. 




272m A Broken Line is said to be Convex when no one of its 
parts will, when produced, enter the space included between it and 
a line joining its extremities. 



PROPOSITION xxm. 

273. Theorem. — A Convex broken line is less than any broken 
line which erivelops it and has the same extremities. 

Dem.— Let AbcdB be a broken line enyeloped 
by the broken line ACDEFB, and having the 
same extremities A and B ; then is McdB < 
ACDEFB. 

For, produce the parts of McdB till they meet 
the enveloping line, as Ad to «, dc to /, and ed 
to g. Now, since a straight line is the shortest 
path between two points, Ad < ACe, bf < 6«DE/, 




Pio. m. 
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tg < cffff, and dB < dgB, Hence, if a point starts from A to move to B, A0OEFB 
will be a shorter path than ACDEFB, MfFB shorter than A0DEFB, AbegB shorter 
than A^B, and MedB shorter than A^B. Therefore, AbedB ia shorter than 
ACDEFB. q. B. D. 

274, Cor. 1. — The sum of any two sides of a triangle is greater 
than the third side. 

This is the same as the axiom that the shortest distance between two points 
is a straight line. 

27 &• Cor. 2. — The difference between any two sides of a triangle 
is less than the third side. 

Dem.— Let tf, b, and 6 be the sides. By Corollary Ist, a + 6 > c. Therefore, 
transposing, a> e—b. 

276, Cor. 3. — If from any point within a triangle lines be 
drawn to the extremities of any side, the sum of these lines is less 
than the sum of the other two sides of the triangle. 




EXERCISES. 

1. Given two angles of a triangle, to 
find the third. 

Stjg's. — The student should draw two angles 
on the blackboard, as a and b, and then proceed 
to find the thu'd. The figure will suggest the 
method. The third angle is c. 

The solution is effected also by constructing 
the two given angles at the extremities of any 
line, and producing the sides till they meet 



Fio. 196. 



2. Two angles of a triangle are re- 
spectively f and ^ of a right angle. What is the third angle ? 

3. The angles of a triangle are respectively |, i, and |- of a right 
angle. Which is the greatest side ? Which the least ? Can you tell 
the ratio of the sides ? 

4. What is the value of one of the equal angles of an isosceles tri- 
angje whose third angle is ^ of a right angle ? 

5. Two consecutive angles of a quadrilateral are respectively f 
and f of a right angle, and the other two angles are equal to 
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each other. What is the form of the quadrilateral ? What the value 
^ of each of the two latter angles ? 

6. One of the angles of a parallelogram is f of a right angle. What 
are the yalues of the other angles ? 

7. The two opposite angles of a quadrilateral are respectively 4 
and 4 of a right angle. Can a circumference be circumscribed ? If 
80^ do it. 

8. Two of the opposite sides of a quadrilateral are parallel, and 
each is 15 in length. What is the figure ? Do" these facts determine 
the angles ? 

9. Two of the opposite sides of a quadrilateral are 12 each, and the 
other two 7 each. What do these facts determine with reference to 
the form of the figure ? 

10. What is the value of an angle of a regular dodecagon ? 

11. What is the sum of the angles of a nonagon ? What is the 
value of one angle of a regular nonagon ? Of one exterior angle ? 

12. What is the regular polygon, one of whose angles is lf| right 
angles? 

13. What is the regular polygon, one of whose exterior angles 
is f of a right angle ? 

14. Can you cover a plane surface with equilateral triangles with- 
out overlapping them or leaving vacant spaces? With quadrilat- 
erals? Of what form? With pentagons ? Why? With hexagons? 
Why ? What insect puts the latter fact to practical use ? Can you 
cover a plane surface thus with regular polygons of more than 6 
sides ? Why ? 

15. Is an equilateral hexagon circumscribed about a circle neces- 
sarily regular ? A heptagon ? An octagon ? A nonagon ? 

16. Is an equiangular circumscribed quadrilateral necessarily reg- 
ular ? A pentagon ? A hexagon ? A heptagon ? 

17. Is an equilateral inscribed pentagon necessarily regular ? An 
octagon? How is it if they are equiangular; ai'e they necessarily 
equilateral and regular ? 
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Prop. 



f Ciw. 1. Only one right or obtuse. 
Cor, 2. Two angles given. 



L Sam of angles, i ^- f i''" «"S'f «!?«»• , . , . 
* I C7(?r. 3. Acute angles if right angled 

(, Cor, 4. One an^le if equiangular. 



Prop. XL Sides and opp. angles. 



CoK 1. Converse. 
Cor. 2. Equiangular, equilat- 
eral, and converse. 
Cor. 8. Isosceles, equiangular, 

and converse. 
8cli^ These only general rela- 
* tions. 



Prop. IIL Angle within a triangle." 

Dep. Exterior angle. 

Prop. IV. Exterior angle.— G>r. Non-adjacent interior. 

Prop. V. Sum of angles. 
Prop. VI. Angles of inscribed. 

Prop. VIII. Converse to last. 

Prop. IX. Two op. sides of a quadrilat'l equal and parallel. 

Prop. X. Opposite sides of a quadrilateral equal, ipamneto. 

Prop. XI. Converee to last. \ ?Z\\^'*^''l\^''^^'^Tf ^^ 

( Cor. 2. Diagonal of a parallelogram. 

(Prop. XII. Bisect. 
Diagonals. J Prop. XIII. Of a rhombus. — Cor, Bisect angles. 
(Prop. XIV. Of a rectangle. — Cor. Converse. 
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Prop. XV. Sum of angles. ^ 



" Def*s. — Salient angle. — Re-entrant. — Convex polygon. — Concave. 

8ck. 1. Application. 
8cK 2. Applied to triangles. 
Sch. 8. Angle of equiangular poly- 
gon. 
Prop. XVI. Sum of exterior angles., 

^ Prop. XVII. Equilateral inscribed, regular. 
P»0P. XVIII- Equiangular inscribed j 86k. Fails for 

if odd No. of sides. \ even No. 
XIX. Equiangular circumscribed, regular. 



Kbgular. 



Prop. 
Prop. 



XX. Equilateral circbd. if j Sch. Fails for 
odd No. of sides. ( even No. 



Cor. 1. Inscribed. 
Q>r. 2. Centres. 
Prop. XXI. Circf. can be dr- J 2)tf. Angle at cntr. 

Oor. 3. Value of an- 
gle at centra 
( Def. Apothem. 
Prop. XXII. Side of inscribed hexagon* 

Dbf. Convex Broken Line. 

Cor, 1. Sum of two sides of tri- 
angle. 

Cor. 2. Diff. of two sides of tri- 
angle. 

Oor. 8. Lines from point within 
triangle. 



Prop. XXIII. Convex broken line < 

than—. 
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SECTION VIII. 



OF EQUALITY. 



;?77. Mqv4xliiy signifies likeness in every respect. 

278. The equality of magnitudes is usually shown by applying 
one to the oflier, and observing that they coincide. 



PROPOSITION I. 

279. Theorem. — Two straight lines of the same length are 
equal magnitudes*^ 

Deh.— Let AB and CD be two straight lines of the same length ; then are 
they equal. 

For, conceive the extremity C of CD placed at A, 

and the other extremity somewhere in AB, or in AB /\ B 

produced, as the case may be. Now, the point 

which traces AB passes through all points in the ^ ^ 

direction of B from A ; and hence, if CD is traced Pio. ise.* 

from A towards B, it will pass through the same 

points as far as they mutually extend. The lines therefore coincide, as far as 
they both extend; and, being of the same length, D falls at B, and they coincide 
throughout ; they are, therefore, equal Q. E. d. 

III. — The tnith of this theorem is so evident, that 

the student may fail to see tiie point of the demonstra- 
tion. Let him see if he can say the same things of 
two curved lines AwB, and CwD, which are of the 
same length. 

The substance of the demonstration is as follows : 
A line has two properties, and ordy two, form and 
magnitude. Straight lines, being of the same form, if 
they are of the same magnitude, are alike in all respects; ». «., they are equal. 
Now, a line, as a magnitude, has only one dimension, viz., length. If, there- 
fore, two lines have the same length, they have the same magnitude. 




Pig. 190. 



* S«ePrefiu:e. 
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PROPOSITION II. 

280* Theorem, — 2'wo circles whose radii are of the same length 

are equal; i. e., the circumferences are eqtuil, and 
the circles equal 

Dem.— -Let there be two circles whose radii AB and 
CO are of the same length ; then are tlie circles equal. 

For, place the second circle on the first, with the centre 
C at A, and CD in AB. As CD = AB, D will fall at B. 
Now, every point in the plane at a distance AB from A is in 
the circumference of circle A. But every point at a distance 
CD from tlie common centre is in the circumference of 
circle C. Hence, the two figures coincide, and the circles 
are alike in all respects, ». e., are equal. <^ B. d. 

Fis. soo. 




OF ANGLES. 



PROPOSITION nL 

281* Theorem* — Two angles whose sides are par allele two and 
two, and lie in the same or in opposite directions from their vertices, 
are equal. 

Dbic — 1st In (a) or {a') let B and E have BA and ED parallel, and extending 

in the same direction from the 
vertices, and also BC and EF; 
then are B and E equal. For, 
produce (if necessary) either two 
sides which are not parallel, till 
they intersect, as at H ; then are 
the corresponding angles DHC and 
DEF, and DHC and ABC equaJ 
(152). Hence, ABC = DEF. 

2nd. In (6) and (6') let B' and E' 
have B'A' parallel with E'F', but 
extending in an opposite direction 
from it<^ vertex ; and in like manner 
B'C parallel with, but extending in 




C 



Fi6. 901. 

an opposite direction from E'D' ; then are B' and E' equal. For, produce (if neces- 
sary) two of the sides which are not parallel till they intersect, as at H' ; then 
D'H'B' = the corresponding angle D'ET', and also = the alternate hiterior 
angle A'B'C ; whence A'B'C = D'E'F'. q. b. d. 



EQUALITY OF ANGLES. 
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PKOPOSITION IV. 

282* Theorem. — If two angles have two sides parallel a7idr ex- 
tending in the same directioii with each other, while the other two 
sides are parallel and extend in opposite directions from each other, 
the angles are supplemental. 

Dem.— Let ABC and DEF be two angles, 
having BC and ED parallel, and extending 
in the same direction from the vertices, 
and AB and EF parallel, and extending in 
opposite directions from the vertices ; then are 
ABC and DEF supplements of each other. 

For, produce the two sides not parallel, it" 
necessary, till they meet Now, BHD is the 
supplement of BHE by {1S1\ BHE = the al- 
ternate interior angle DEF, and BHD = the 
corresponding angle ABC. Therefore, ABC is 
the supplement of DEF. q. e. d. 

[This demonstration is adapted to the upper 
cut ; let the student adapt it to the lower.] 




PROPOSITION T. 

283. Theorem. — If two angles have 
their sides respectively perpendicular to 
each other, the angles are either equal or 
supplementary, 

Dem. — Let BA be perpendicular to EF or 
to E'F', and BC to ED ; then is ABC = DEF. 
For, through B draw BO and BN, respectively 
parallel to ED and EF; then by the preceding 
propositions NBO = DEF, and is the supple- 
ment of F'E'D. But NBA = OBC, since both 
are right angles. Take away DBA from each, 
and we have NBO = ABC; and as NBO is the 
supplement of F'E'D, ABC is also the supple- 
ment of F'E'D. Q. E. D. 




D 



Fio. 908. 
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OF TBUNOLES. 



PROPOSITION TL 

284m Theoretn* — Two triatigles which fiave two sides and ths 
included angle of one eqtial to two sides a7id the included angle of tlie 
other, each to each, are equoL 

Dem.— Let ABC and DEF 

be two triangles, having 
AC = DF, AB = DE, and 
angle A = angle D ; then 
are the triangles equal. 

For, place the triangle 
ABC in tlie position (6), the 
• side AB in its equal DE, and 
the angle A adjacent to its 
equal angle D. Then re- 
volving ABC upon DB, until 
it falls in the plane on the 
opposite side of DB, since angle A = angle D, AC will take the direction DF ; 
and as AC = DF, C will foil at F. Hence BC will fall in EF, and the triangles 
will coincide. Therefore the two triangles are equal. Q. e. d. 

We may also make the application of ABC to DEF directly, as in {85\ Tlie 
method here given is used for the purpose of uniformity in this and the follow- 
ing. We may observe that in this, as in the other cases, DB is perpendicular to 
FC, and bisects it at 0. This fact might easily be shown, and the demonstra- 
tion be based upon it 

2S5. ScH.— This proposition signifies that the two triangles are equal in aU 
fespeets, t. e., that the two remaining sides are equal, as CB = FE; that angle 
C = angle F, angle B = angle E, and that the areas are equal. 




Fie. 904. 



PROPOSITION TIL 

286. Theorem.— Two triangles which have two angles and the 
included side of the one equal to two angles and the included side of 
the other, each to each, are equal 




EQUALITY OF TBIANQLE6. 

Dbm.— Let ABC and DEF 
be two tiiunglee, 1i living 
angle A — angle D, anglu 
B = angle E, and Bide AB 
= ^e DE; then are the 
triangles equal 

For, place ABC in the 
position (6), the side AB in 
its equal DE, the angle A 
s^acenttoita equal angle Oi 
and B adjacent to ile eqnal „ ,^ 

angle E. Then revolvrng 

ABC npon DB till it falls in the plane on the same side as DFE, since angle A = 
angle D, AC will take the direction DF, and C will fall somewhere in DF or 
DF produced. Also, since angle B = angle E, BC will take the direction EF, 
and C will tbll somewhere in EF, or EF produced. Hence, as C falls at the 
same time in DF and EF, it falls at their intersection F. Therefore the two 
triangles coincide, and are consequently equal i^. b. d. 

387. OoE. — If one triangle has a side, its opposite angle, and one 
adjacent angle, equal to the corresponding parts in another triangle, 
each to each, the triangles are equal. 

For the third angle in each is the supplement of the sum of the given angles, 
and they are consequently equal. Whence the case is included in the pni- 

288. ScH.—A triangle may have a side and one adjacent angle eqnal to a 
side and an adja- ^, 

cent angle in 
another, and the 
eecond acljacent 
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B H 



parts in the other y are equal, if of these two sides the one opposite the 
given angle is equal to or greater than the one adjacent. 

Dem.— In the triangles ABC and DEF, let AC = DF, CB = FE, A = D, and 
CB (= FE) ^ AC (= DF); then are the triangles equal. 

For, apply AC to its equal 
C F DF, the point A falling at 

D and C at F. Since A = 
D, AB will take the direc- 
tion DE. Let fall the per- 
pendicular FH upon DE, or 
DE produced. Now, CB 
being ^ DF, cannot fall 
between it and the perpen- 
dicular, but must fall in FD 
or beyond both. As there 
can be but one line on the 
same side of the perpen- 
^'®- ^^' dicular equal to CB, and as 

FE = CB, CB must fall in FE. Hence, the two triangles coincide, and are 
consequently equal. Q. k. d. 

290. ScH. l.-If A and D are acute and CB (= FE) = AC (= DF), the tri- 
angles are isosceles. If A and D are right or obtuse, CB (=FE) must be greater 
than AC (= DF), in order that there may be a triangle, since the right or obtuse 
angle is the greatest angle in a triangle, and the greatest side is opposite the 
greatest angle. This Impossibility appears also from the demonstration above. 

291. ScH. 2.— If A and D are acute^ and the side opposite A, i. «., CB, is less 

than AC, it must be equal to or 
greater than the perpendicular CI 
(= FH) in order to have a triangle. 
Then, applying AC to DF, and ob- 
serving that AB takes the direction 
DE, and that EF, which = CB, being 
intermediate in length between DF 
and FH, may lie on eitlier side of 
FH, we see that ABC may or may 
not coincide with DEF. Whether it does or not will depend upon whether 
angle C = angle F, or whether AB = DE. * This is the ahbiouous case in 
the solatioii of triangles, and should receive special attention. 




equaut; of triangles. 
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PROPOSITION IX. 

292, Theovenim — Two triangles winch have the three sides of 
the one equal to the three sides of the other, each to each, are equal. 





Fio. 209. 



Dem.— Let ABC and DEF be two triangles, in whicli AB = DE, AC = DF, 
and BC = EF ; then are the 
triangles equal. 

For, place the triangle 
ABC in the position (ft)^ and 
the side AB in its equal OE, 
so that the other equal sides 
shall be adjacent, as AC ad- 
jacent to DF, and BC to EF. 
Draw FC. Now, since DC 
= DF, and EC = EF, DB is 
perpendicular to FC at its 
middle point (130). Hence, 
revolving ABC upon DB, it 
will coincide with DEF when brought into the plane of the latter Therefore 
the two triangles are equal, q. e. d. 

293. Cor. — In two equal triangles, the equal angles lie opposite 
the equal sides. 

294, ScH. — ^If the triangles compared, as in the 
three preceding propositions, have an obtuse angle, and 
the two sides first brought together are sides about the 
obtuse angle, the figure will take the form in the mar- 
gin ; but the demonstration will be the same. When 
the three sides are the given equal parts, the form of 
figure given in the demonstration above can always be 
lecured by bringing together the two greatest sides. 




PROPOSITION X. 

295. Theorem. — If two triangles h 
respectively equal to two sides of the oth 
unequal, the third sides are unequal, 
belongs to the triangle having the grea* 
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Dbh.— Let ACB and DEF be two tri- 
angles haying AC = DF, CB = FE, and 
C > F; then is AS > DE. 

For, placing the side DF in its equal 
AC, since angle F < angle C, FE will fall 
within the angle ACB, as in CE. Then let 
the triangle ACE = the triangle DFE. Bi- 
sect ECB with CH, and draw HE. The 
triangles HCB and HCE have two sides 
and the included angle of the one, respec- 
tively equal to the corresponding parts of 
the other, whence HE = HB. Now AH -f 
HE > AE; but AH + HE = AH + HB = 
AB. Therefore, AB > AE. q. e. d. 

296. Cor. — Conversely, If ttao 
p^ 31, sides of one triangle are respectively 

equal to two sides of another, a7id the 
third sides unequal, the angle opposite this third side is the greater 
in the triangle which has the greater third side, 

Dkm.— If AC = DF, CB = FE, and AB > DE, angle C > angle F. For, if 
C = F, the triangles would be equal, and AB = DE {2S4); and, if C were less 
than F, AB would be less than DE, by the proposition. But both these conclu- 
sions are contrary to the hypothesis. Hence, as C cannot be equal to F, nor 
less than F, it muBt be greater. 




PROPOSITION XL 

297* JTieorem* — Two right angled triangles which have the 
hypotenuse and one side of the one equal to the hypotenuse and one 
side of the other, each to each, are equal, 

Dem. — In the two triangles ABC and DcF, right angled at B and E, let AC 
r= DF, and BC = EF ; then are the triangles equal. 

For, place BC in its equal 
Q F C EF, so that the right angles 

shall be adjacent, the angles 
A and D lying on opposite 
sides of EF, as in (6), Since 
E and B are right angles, 
DA is a straight line. Now, 
since equal oblique lines, as 
Pio, 213. ^D ^^^ CA, cut off equal 

distances from the foot of 
the perpendicular (141), DE = BA; and revolving CAB upon FB, the two 
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triangles will coincide wlien CAB falls in the plane on the side D. Therefore, 
the triangles are equal. Q. B. D. 



PEOPOsrnoN xn. 

298. Theorem* — Two right angled triangles having the hypo^ 
tenuse and one acute angle of the one equal to the hypotenuse and 
an acute angle of the oth&r, are equal 

Dbm.— One acute angle in each being equal, the other acute angles are 
equal, since they are complements of the same angle (222), The case is, then, 
that of two angles (the acute angles in each), and then: included side (the hy- 
potenuse), and falls under (286). 



PROPOSITION XIIL 

2990 Theorem. — Two right angled triangles having a side and 
a corresponding acute angle in each equaly are equal. 
This also falls under (286). Let the student show why. 



OF QUADRILATERALS* 



PROPOSITION XIV. 

300* Theorem. — Two quadrilaterals are equal when the follow- 
ing parts are equal, each to each, in both qu^rilaterals, and similarly 
arranged : 

1. The triangles into which either diagonal divides the quadrilaterals. 

2. The four sides and either diagonal 

3. The four sides and one angle. 

4. Three sides and the two included angles. 

5. 27iree angles and any two sides, if the other two sides are non- 
parallel 

Dbm. — 1. This case is demonstrated by applying one quadrilateral to the other. 

2. This case is reduced to the former by (20'^). 

8. Drawing the diagonal opposite the known angle, this case is reduced to 
the first by (284\ and (2^2). 

4 This is demonstrated by applying one quadrilateral to the other ; or, draw- 
ing a diagonal, it may be reduced to case first by (284). 

5. In this case the quadrilaterals are mutually equiangular by (253), If, 
then, the two sides are adjacent, by drawing the diagonal joining their cztiemi- 

9 
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ties the case is bioaght under the first by {284), and (28^), If, however^ the 

two known sides are non-adjacent, by pro- 
ducing the unknown sides two triangles 
are formed in each figure, which are mu- 
tually equal by {28€), and the case comes 
under the axiom concerning equals sub- 
"^ " ' ' tracted from equals. 

[Let the pupil draw the figures and give 

the demonstrations in full form. Trapeziums should be used; although it 

should be seen in each case— except the fifth— that the truth applies to any 

other form of quadrilateraL] 





PROPOSITION XT. 

301* Theorem* — Two parallelograms having two sides and the 
included angle of the one equal to ttoo sides and the included angle 
of the other ^ each to each, are equal 

Dbm.— Let AC and EG be two parallelograms, with AD = EH, AB = EF, and 

A = E ; then are they equal. 

For, applying the angle E to A, since EH 
- AD, H will Ml at D ; and since EF = AB, 
F will fall at B. Now, through D but one 
line can be drawn parallel to AB ; hence HC 
will fall in DC, and G will be found in DC, 
or in\DC produced. In like manner, since bnt 
one parallel to AD can be drawn through B, 
Pxa. 214. ^^ must fall in BC, and G be found in BC, 

or in BC produced. Therefore, as G falls at 
the same time in DC and BC, it falls at C, and the parallelograms coincide. 

302, Coil — Two rectangles of the same base and altitude are 
equal. 
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OF POLYGONS. 



PROPOSITION XVL 

303. Theorem. — Two polygons of the same number of sides, 
having all the parts of the one except three angles, known to be respec- 
tively equal to the corresponding parts of the other, are equal. 

Dem. — ^If the two polygons AE* and A'E', have all the parts of the one equal 
to the corresponding parts of the other, each to each, except three angles ; then 
are the polygons equal. 



♦ It 18 often more convenient to read a polygon by two letters, instead of all those at the 
vertices. 



EQUAIJIT OF POLYGONS. 

4 
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Ist When the three un- 
known angles are conseca- 
tive, as G, F, E, and C, F', 
E'. Draw CE, and C'E', 
Apply polygon A'E' to AE, 
begianiDg with ^ in its 
equal ^: A' = A, and a' = 
a; hence, B' falls at B; B' 
= B, and h' = b, hence, C 
falls at C ; etc. Thus, we 
may show that the perime- 
ters coincide till we reach E' and E. Then will C'E' = CE, and the triangles 
CFE and G'F'E', haying their corresponding sides rcspectlTely equal, are them- 
selves equal, and the polygons coincide throughout 

2d. When two of the unknown angles are consecutive, and the third not con- 
secutive with these, as G, E, D, and C', E', D'. From the angle which is not 
consecutive with the other two, draw diagonals to the other angles, as CE, CD, 
and G'E', CD'. Now, C'A'B'C'D' can be applied to CABCD, and CPE' to CFE, 
in the ordinary way. Hence, the triangles G'E'D' and CED are mutually equi- 
lateral, and consequently equal. Therefore the polygons are equaL 

8d. When no two of the three unknown angles are consecutive, as C, B, D, 
and C, B', D'. Join the unknown angles by diagonals, as CB, CD, BD, and CB', 
CD', B'D'. Now, polygon C'F'E'D' can be applied to CFED, D'CB' to DOB, 
and CA'B' to CAB in the ordinary way. Hence, the triangles G'D'B' and CDB 
are mutually equilateral, and consequently equal. Therefore the polygons are 
equal* 

304, Cor. — Two quadrilaterals having their corresponding sides 
equal, ajid an angle in one equal to the corresponding angle in the 
othery are equal. 



PROPOSITION XYIL 

305* Theorem. — Two polygons of the same number of sidesj 
having all the parts of the one except two angles and the included 
sidcy hnown to ie respectively equal to the corresponding parts of tht 
other, are equal, 

Itof.— Let the unknown parts be C, c, D, and C, ef, D'. From any other two 
of the mutually equal angles, as G and C,diawthe diagonals GC, GD, GX', G'D', 



* Notice that in each caee the unknown angles are to form the vertices of triangles, which 
the argument ^hows to be equilateral, and therefore equal In Case 1st, we hare to draw only 
one line in order to give the triangles, as two sides are sides of the polygon ; in Case 9d, we 
have to draw two sides , and in Case 3d, three sides, for analogoos reascna. 
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to the anknown angles. Then 
the polygon GT'E'D' can be 

^^/^'.. ^?^^::r^>^E' applied in the oidinary way 

to GFED, /' being placed in 
/eta So also G'A'B'C can 
be applied to GABC, beg^ 
D' ning with ^ in its eqoal g. 
Hence, angle PG'D' = FGD, 
A'G'C = AGC; and, adding, 
Pig. «6. PG'D' + A'G'C = F G D + 

AGC. Subtracting these 
eqnalft from G' = G, we haTe C'G'D' = CGD. Whence the triangles CG^iy and 
CGD have two sides and their indaded angle equal in each» and are equal; 
therefore the polygons are equal in all their parts. 

BOS* ScH.~When the unknown 
angles are both separated from the 
unknown side, the polygons may or 
may not be equal — the case is am- 
biguous. Thus, if C and E are the 
unknown angles and AH the un- 
known side, the polygons ABCDEFG, 
and A'BX'D'EFG fulfiU the condi- 
tions, but are not equal. By draw- 
ing CE, CA, and EH, the case is re- 
y^ duced to that of two quadrilaterals 
having all the parts equal, each to 
each, except two angles aud their 

non adjacent side ; in which case the quadrilaterals are not necessarily equal. 
So, also, when one of the unknown angles is adjacent to the unknown 

side and the other separated, the x>olygons may or may not be equal. Thus, let 





Fio. 81& 



the unknown parts be D, c, C, and D', c', C'. From the separated angle draw the 
diagonals to the extremities of the unknown side, as CC, CD (or CDi), and C'C, 
C'ly. In the usual way G'A'B'C can be appUed to CABC, and CT'E'D' to 
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CFED. Whence G'C = CC, CD' = CD, and angle C'C'Cy =r CCD. Thns the 
case is reduced to that of two triangles haying two sides and an angle oppo- 
site one of them mutually equal, and is, therefore, ambiguous. The polygon 
{a) may have the part corresponding to G'F'E'D' situated as CFED, or as 
GFiEiDi. In the former case the polygons are equal, in the latter not 

307» CoE. — Two quadrilaterals having three sides and the corre- 
sponding angles included by these sides equ^l, are equal. 

This falls under the 1st case. 

308* ScH. — If the three unknown or excepted parts are all sides, the poly* 
goiis are not necessarily equal, as will appear by an inspection of tlie figure. The 





Fro. 219. 

unmarked sides being the excepted ones, the polygons may be those included by 
the continuous lines, or those included in part by the broken lines, all the parts 
being equal in each two, except the three unknown ones. 



PROPOSITION xym. 

309. Theorem. — Two polygons of the same number of sides, 
having two adjacent sides and the diagonals drawn from the included 
anghy in the one, respectively equal to the corresponding parts in the 
other, and their corresponding included angles equal, are equal 
figures. 

Dbm.— The demonstration is based upon (284). Le\ the student draw the 
figures, and make the applications. 



PBOPOSITION XDL 

310. Theorem. — Two polygons of the same number of sides, 
having all the parts {sides and a7igles) of the ofie respectively equal 
to the corresponding parts of the other, except two parts, are equ^l, un* 
less the excepted jjarts are parallel sides* 
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Deh.—- The demonstration can be supplied by the pupil, as it is similar to the 
several preceding. The cases will be, 1st, When two angles are excepted, 
{a) they being consecutive, {b) they not being consecutive ; — ^2d, An angle and a 
side, (a) consecutive, {b) not consecutive ; — 3d, Two sides, (a) consecutive, (b) not 
consecutive. 



EXERCISES. 

1. Prob. — Having two sides and their included angle given, to 
€onstruct a triangle. 

Sue's. — The student should draw two lines on the blackboard, and a detached 
angle, as the given paits. Then, making an angle equal to the given angle 
(200), he should lay off the given sides from the vertex on the sides of the 
angle, and join their extremities. The triangle thus formed is the one required, 
for any other triangle formed with these two sides and this angle will be just 
like this by (284), 

2. JProb* — Having ttvo angles and their included side given, to 
construct a triangle. 

3. Prob* — Having the three sides of a triangle given, to construct 

the triangle. 

Solution. — Let a, ft, and <j, be the given 
sides. Draw an indefinite line CX, and on 
it take CB = a. From C as a centre with 
ft as a radius, describe an arc as near as can 
be discerned where the angle A will fall. 
From B, with a radius e, describe an arc 
intersecting the former. Then is ABC the 
triangle required, since any other triangle 
having the same sides would be equal to 
ABC {292). 

4 Prob^ — To inscribe a circle in a given triangle. 

8oLUTioir.--For the method of doing it see Part I. (79), To prove the 

method correct, we observe that the triangles 
ODB and QBE have OB common, and are 
mutually equiangular ; henc^ they are equal, 
and CD = OE. In like manner triangle 
DEC = OFC, and OE = OF. [Triangle OFA 
= ODA ; but we do not need the fact in the 
demonstration.] Since OD = OE = OF, the 
circumference struck from as a centre with 
a radius OD, passes through E and F. More- 
over, since each side of the triangle is per- 
--Ttremity, it is tangent to the drcle (172) ; and 



a 
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5. Frob. — Having two eidet and an angle opposite one of iUem 
given, to construct the triangle. 

SoLDTioN. — lat. Wheo tbe given angle is right or obtuse, Hie Bide oppoeile 
must be greater lliaa the Bide adjacent, aa the greatest Bide is opposite ihe 
greatest angle (224), and the greatest angle in Buch a triangle ia Ui' right or 




obtme angle. In this caae let m and o he the given rides, and O the angle oppo- 
iits o. Draw an tndeflDite line O'X, construct 0' equal to O, and lake O'N' 
equal to m. From N' as a centre, with a radiuB equal to 0, describe an arc cul- 
ling O'X, as St M'. Draw N'M'.' Then is N'M'C the triangle required, since 
all triangles having thdr corresponding parts equal to m', o\ and C are equal. 

3d, When the given angle is acute, bs A, there ■will be jto solulum if the 
giren side, a, opposite A, is lees than the perpendicular ; ontf tolution it a = p, 
or if a > than both p and b, and two tolvtions \l a > p, and less than b. This 
will appear fkim the constructiDn, wliich is the same as in Case 1st. 

6. If a perpendicular be let fall from the 
right angle c of the triangle ACB upon the 
hypotenuse, as CD, show from (222) that 
the three triangles in the figure are mntnally 
equiangular. Fta. txL 

1. Given the sides of a triangle, as 15, 8, and 6, to construct the 
triangle. 

8. Given two sides of a triangle a = 20, 5 = 8, and the angle B 
opposite the side i equal -^ of a right angle,* to construct the triangle. 
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one of the other sides 7. The same with one acute angle | of a 
right angle^ and a side about the right angle 12. Will there be any 
diflEerence in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site ? Will there be any difference in the size f 

12. Construct a right angled triangle having its hypotenuse 20, 
and one acute angle ^ of a right angle. 

13. Construct a quadrilateral three of whose sides are 20, 12, and 
15, and the angle included between 20 and the unknown side | of a 
right angle, and that between 15 and the unknown side | a right 
angle. 

Sug'b.— Make A = | of a right angle, and 5 = 20. From D as a centre, with 

a radius 12, strike the arc on. At any 
point on side a, make an angle B' = 
i a right angle. Take B'm = 15, and 
draw Cm parallel to AB'. Fi'om the 
intersection C draw CB parallel to 
mB\ Draw CD. Then is ABCD the 
quadrilateral required. 

Queries, — If d -\- e\& less than the 
perpendicular from D upon AB, then 
what ? If equal to the perpendicular, 
then what? Is it necessaiy to consider angle B in answering the two pre- 
ceding queries ? 

14. Construct a parallelogram whose two adjacent sides are 6 and 
8, and whose included angle equals 1^ right angles. 

15. Construct a heptagon whose sides in order are a = 4, J = 5, 
I? = 6, d = 6, a = 6,/ = 3, 5^ = 4; and the angle included between 
a and J, IJ right angles; between h and c, 1|; c and rf, 1^; d and 
e, If 

SuG*s.— See J^. 187. Proceed in ordei, laying off the parts as given, from A 
to F. Draw AF. Pi'om F as a centre, with a radius/ = 3, strike an arc, and also 
from A, with a radius ^ = 4. The intersection of these arcs will determine C. 

Queries, — What is the limit of the sum of the possible values of the given 
Jingles ? What the limit of the sum of the sides included between the unknown 
anglej« ? 




' What? How BhowQ? 
Prop. I. Of Blrwglit Uaei 
Prop. II. Of drcles. 



^ f Peop. in. Sides parallel. Direction » 



)r oppouU. 
le, (ither opposite. 



ich. All parts eqnal. 
adjacent and one oppo- 
se ci^iial. 

'hca i80BC«les. 
'lieu ambiguouti. 
ipposite equal sides. 



angles equal 
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SECTION IX. 

OP EQUIVALENCY AND AREA. 



Sll, Equivalent Figures are such as are equal in magni- 
tnde. 



PBorosrnoN l 

312. Theoretn, — Parallelograms having equal bases and equal 
altiiades are eqvivalenl. 

Dkh-— L«t ABCO and EFCH be tw« psrallelogramH baving equal bafcs, BC 
and FC, and equa) attitudes ; tben are tbe; eqaivalent. 

A E- D >!' E H ^"'^ P"^^ ^^ '" "* *^"''' 

' —' - ' 7 I 7 BC ; aud, siDce the altitiid!.* 

pre t^ual, the upper base EH 
will fall ID AD or AD pni- 
duced, as E'H'. Nuw, lint 
two triangles AE'B and DH'C 
^"■^Bi* „e equal, because Uie ihreit 

aides of Ihe one are respeclirelj equni to the three sides of Ibe otber. Thus AB 

— DC, being opposite sides of the same paTallelugrBm. For a like reason, E'B 
= H'C. Also, E'H' = BC = AD. Prom AH' taking E'H', AE' remains, and 
takiDc AD, DH' remains. Therefiire AE' = DH'. Tbese triangles being eq)ial. 
the qnadrilaleral ABCH' - tbe triangle AE'B = ABCH' - DH'C. Bnt ABCH' 

- AE'B - E'BCH' = EFCH ; and ABCH' - DH'C = ABCD. Hence, ABCD = 
EFCH, q. E. D. 



313. Cor. — Ant/ parallelogram is eguivalmt to a rectangle having 
he same base and altitude. 



OF EQUIYALENCT. 
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Drm.— Let ABC be a triuigle. Through C draw CD parallel to AB ; and 
through A draw AD parallel to BC. Then is 
ABCD a parallelogram, of which ABC is one- 
half {24:3). Now, as any other parallelogram 
haying an equal base and altitude with ABCD 
is equivalent to ABCD (312), ABC is eqniya- 
lent to one-half of any parallelogram having 
an equal base and altitude with ^ABC. q. 

B. D. F'O' 3^ 

315m Cor. 1, — A triangle is equivalent to one-half of a rectangle 
having an equal base and an equal altitude with the triangle, 

316m Cor. 2. — Triangles of equal bases and equal altitudes are 
equivalent, for they are halves of equivalent parallelograms 




PROPOSITION ni, 

317* Theorem^ — The square described on a line is equivalent to 
four times the square described on half the line, nine times the square 
described on one-third the line, sixteen limes the sqttare on one-fourth 
the li7ie, etc. 

Deh.— Let AB be any Une. Upon it describe the square ABCD. Bisect AB, 
as at dy and AD, as at a. Draw dc parallel to AD, and ab parallel to AB. Now^ 
the four quadrilaterals thus formed 
are parallelograms by construction, 
hence their opposite sides and angles 
are equal ; and as A, B, C, and D are 
right angles, and A<i = Acf = dB = 
bB = etc., the four figures 1, 2, 3, 4, 
are equal squares. Hence Acfea = i 
ABCD. In like manner it can be 
shown that the nine figures into which 
the square on A'B' is divided by draw- 
ing through the points of trisection of the sides, lines parallel to the other sides, 
are equal squares. Hence AV, the square on i of A'B', is J of the square 
A'B'C'D'. The same process of reasoning can be extended at pleasure, show- 
ing that the square on i a line is iV ^^ square of the whole, etc. 




Fw. IK. 



PROPOSITION IV. 

318* Theorem* — A trapezoid is equivalent to two triangles 
having for their bases the upper and lower bases of the trapezoid, and 
for their common altitude the altitude of the trapezoid, 
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Deu.— By conitructing Kaj tntpezirid, and dnwing dther dis^nal, tbe 
■tDdent can show the tnitti of this theur«m. 



PROPOSITION T. 
319. Prob. — To reduce any polygon to an eqvivalent triangle. 
SoLUTiOM.— Let ABCD£F be a polygon which it is proposed lo reduce to an 
eqoiTitlent triangle. Produce uiy side, as BC, indefinitely. Draw the diagonal 
EC and DH parallel to ib 
Draw EH. Now, consider the 
triangle CDE aa cut off fh>m 
the polygon and replaced by 
CHE. The magnitude of the 
polygon will not be changed, 
MQce CDE and CHE hav« tbe 
Hame base CE, and the same 
altitude, as their vertices lie in 
DH parallel to EC. From tbe 
polygon thna reduced we cut 
the triangle FHE, and replace 
it by its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AC, we can replace FBA by its 
equlTalent FCB. Hence, CFI is equivalent to ABCDEF. It is evident tbat a 




Fre.iS6. 



similar pmceaa would reduce i 
lent triangle. 



polygon of any nmnber of sides to an equiva- 



PROFOSinOH TL 
S20, Theorem. — Tlie area of a rectangle is equal to the product 
of its base and altitude. 

Deu.— Let ABCD be a rectangle, then is ila area equal to the base AB multi- 
plied by the altitude AC. 

I If the itldee AB and AC are commensurable, lake 

someunit of length, as E, which ia contained a whole 
number of times in each, as five times in AC, and 
eight times in AB, and apply it to tlie lines, dividing 
them respectively into five and eight equal parts. 
From the several points of division draw liues through. 
Yjg^^aj_ the rectangle perpendicular to its sides. The rect- 

angle will be divided into small parallelograms, 
which are all equal squares, as the Angles are all right angles, and tho sides all 
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nqoal to each other. Each aquare is a unit of sarfaoe, and the area of the rect- 
angle Is espreaEed by the number of tUeae Bquares, which is evidentlj equal to 
the numoer in the tow on AS, multiplied by Ilie number of such rows, or Ihe 
number of linear unila in AB multiplied by the Dumbev lu AD. 

If the two sides of the rectangle are uot cou mensurable, take some very 
amnll unit of length which will divide one of the sides, as AC, and divide the 
rectaogle into squares as before ; the number of these squares will be the 
measure of the rectangle, except a small part along one side, not covered by ILe 
squares. By taking a still smaller unit, the part lefl unmeasured by the squares 
wil) be still less, and by diminishing the unit of length E, we can luakc ilie 
part unmeasured as small as we choose. It may, therefore, be msde infinitely 
small by regarding the unit of measure as infiaitesimal, and consequently is to 
be neglected.* Hence, in any case, tlie area of a rectangle is equal to the pro- 
duct of its base into its alUtude. 4. R. D. 

321, CoE. 1. — The area of a square is ^ual to the second power 
of one of its aides, as in this case the base aud altitude are equal. 

322. Cor, 3. — The area of any parallelogram is equal to the pro- 
duct of its base into its altitude ; for any parallelogram is equivalent 
to a rectangle of the same base and altitude (313)- 
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Dbm.— In the trapezoid ABCD' draw either diagonal, as AC It U tkos 

divided into two triangles, whose areas are to- 
gether equal to one- half the product of their 
common altitude (the altitude of the trapezoid), 
into their bases DC and AB, or this altitude into 
i (AS + DC). 

Secondly, if a5 be drawn bisecting AD and 
CB, then is od = i (AB + CD). For, through 
a and h draw the perpendiculars om and p», 
meeting DC produced when necessary. Now, the triangles aoO and Aam are 
equal, since ka = aD, angle <? = m, both being right, and angle onD = Aam 
being opposite. Whence Am = ^D. In like manner we may show that Cp = 
nB. Hence, db z=z \(op + mn)T = i(AB + DC); and area ABCD, which equals 
altitude into i(AB + DC), = altUude into ab, q. E. D. 



Fie. 228. 



PBOPOsiTioN vm. 

326. Theorem. — Tlie area of a regular polygon is equal to one- 
half the product of its apothern into its perimeter, 

Dem. — Let ABCD EFC be a regular polygon whose apothern is Oa; then is 

its area equal to i Oa (AB + BC + CD + DE + EF 
+ FG + GA). 

Drawing the inscribed circle, the radii Oa, Ob, 
etc., to the points of tan^ency, and the radii of the 
circumscribed circle OA, OB, etc. (264^ 265), the 
poiygon is divided into as many equal triangles as 
it has sides. Now, the apothern (or radius of the . 
inscribed circle) is the common altitude of these tri- 
angles, and their bases make up the perimeter of the 
. polygon. Hence, the area = ^Oa (AB + BC + CD 
+ DE + EF + FG + GA). q. b. d. 




B d ~C 
Fig. 329. 



327* Cor. — The area of any polygon in which a circle can be 
inscribed is equal to one-half the product of the radius of the in- 
scribed circle into the perimeter. 

The student should draw a figure and observe the fact It is especially 
worthy of note in the case of a triangle. See Fig, 60. 



PROPOSITION 

328. Theorem. — Tlie area of a circle is equal to one-half the 
product of its radius into its circumference. 



or ABKA. 



Dbu. — het Oa be tbe radius of a circle. Circnm- 

scriba any regular polygon. Now the area of iliis 
polygon ia oue-liBlf ibu product of lis apoUieEU sad 
pBiimeter. Conceive the number of sides of the 
polygon, iadefluittly increased, the polygon slill 
coatinuiaj; to be circumscribed. Tbe apothpm con- 
tinues lo be the radius of the circle, and the perim- 
eter approaches the circumference. When, there- 
fore, the number of sides of the polygon becomes in- 
finite, it is to be considered as coinciding with the cli^ 
cle, and its perimeter with tbe circumference. Hence 
the area of the drcle is equal to one-balf the pro- Fis. no. 

duct of its radius into its circumference, q. e. d. 

339. Def. — A Sector ia a part of^i circle included between two 
radii eukI their intercepted arc. Similnr Sectors are sectors in differ- 
ent circles, which have equal angles at the centre. 
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smropsis. 

r DefinitioiL 

Pbof. I. Of parallelognuns.^ C&r. Paral. and rectangle. 

-o TT i-kij. *-j 1 < Cbr. 1. Triangle and rectangle. 

Prop. II. Of triangles. ^ q^ ^ Of eqSil baaes and equal altitudea. 

Prop. III. Square oni, i, i a line, etc. 

Prop. IV. Trapezoid. 

Prop. V. To reduce a polygon to a triangle. 

• f Oar. 1. Of square. 

Chr. 2. Any parallelogram. 



<1 



Prop. VI. Of rectangle. 



1 



Cor. 8. Of triangle. 
Oor. 4. Relation of parallelograma and 
of triangles. 



Prop. VII. Of trapezoid. 

T>«^« 17TTT np .^^..i^. ,vrvi««««- ] CfoT' Of any circumscribed 
Prop. VIII. Of regular polygons. j polygon. 



Prop. IX. Of a circle. ^ 



f Ikf Of sector. 
Oor. 1. Area of sector. 
Cor, 2. Relation of sector to circle. 



Exercises. 



SECTION X. 

OP SIMILARITY. 

332. The primary notion of similarity is likeness of form. Two 
figures are said to be similar which have the same shape, although 
they may differ in magnitude.* A more scientific definition is as 
follows : 

333* Similar Figures are such as have their angles resi>ec~ 
tively equal, and their homologous sides proportional. 

334. Somoloffous Sides of similar figures are those which 
are included between equal angles in tlie respective figures. 

* The Btadent shonld be care Ail, at the outset, to mark the fact that Hmiiarity involtea 
two t/dngs^ squalitt of amolvs and proportion alitt of sidss. It will appear that, in the 
case of triangle?, if one of these facta exist?, the other does altM> ; bat this is not so in other 
polygons, as is illastratcd in Part I. 




OF SUOLABITr. llO 

In Stuilar Teianoles, the Homoloqous Sides abb thobs 
0pk>8ite the equal angles. 



I mutually equiangular 



PBOPOSITION L 

33S. Theorem. — Triangles which ar 
are similar. 



Dkm,— Let ABC and DEF tie two mn- 
tually equiangular triangles, in which 
A=D, B = E, and C = F; then are the 
Hides opposite these equal angles pi'opor' 
tional, and Ibe triangles possesa both 
requisites of similar figures ; i. e., thej 
are mutually equiangular and have their 
homologous sides proportional, SDd are 
consequently siinilar. 

To prore tliat the sides opposite the. 
equal angles are proportional, place the 
triangle DEF upon ABC, so that F shall 
coincide with its equal C. CE'=FE, and *"' "^'^ 

CO'=FD. Draw AE', and D'B. Since angle CE'CK^CBA, D'E' is parallel to 
AB.andasthelrianglea D'E'A and D'E'B have a common Imse D'E' and tlie 
Ntme altitude, their vertices lying in a line parallel to their base, they are 
equivalent {316), Now, the triangles CD'E' and D'E'A, having a common alti- 
tude, are to each other as tlieir bases {324). Hence, 
CD'E': D'E'A ; : CO' : D'A. 
For like reason CD'E' : D'E'B : ; CE' : E'B. 

Then, since D'E'A and D'E'B are equivalent, the two proportions have a com- 
mon ratio, and we may write CD' : D'A -. : CE' : E'B. 

By composition CD': CD' + D'A : : CE' : CE' + E'B, 

or CD' : CA : : CE' ; CB, or FD : CA : : FE : CB. 
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338 • Gob. 8. — If any two lines cut a series of parallels^ they are 

divided proportionally. 

O/ yO' Dbm. — If the two secant 

lines are parallel, as DA aud 
O'B', the intercepted parts 
are equal, t. «., ae = bd, ee 
rzeff", eg = fh, etc. (242). 
Hence, ae : bd :: ce : tff :: 
eg : fh. Secondly, if the 
secant lines are not parallel, 
let them meet in some point, 
as 0. Then, by the propo* 
sition, we have 

(1), and also Oe : ee ::0d \ df (2). 

Taking the first by composition, it becomes 

Oa + 06 : 00 : : 05 + M : M, or Oe : 00 : : Od : M (8). 

Now, as the antecedents in (2) and (3) are the same, we hare 

oc : M \\ ee : df^ot ae : ee :: bd : tff. 

In like manner, we may show that 

ee \ df w eg ifh^ovee i eg :: e^ ifh. 




PBOPOSITlOll IL 

339» Theorem^ — Conversely, If two triangles have their cor-' 
responding sides proportional^ they are similar. 

Dbh.— In the triangles ABC and DFE, let FD : CA : : FE : OB : : DE : AB ; 
then are the triangles similar. 

As one of the characteristics of simi- 
larity, viz., proportionality of sides, exists 
by hypothesis, we haye only to prove 
the other, ». «., tliat the triangles are mu« 
tually equiangular. Make CD' equal to FD^ 
and draw D'E' parallel to AB. By the 
preceding proposition CD' (ss FD) : CA : : 
D'E' : AB. But, by hypothesis, FD : 
CA :: DE : AB. Whence, D'E' s DE. 
In like manner CE' : CB : : CD' (=FD) : 
CA. But, by hypothesis, FE : CB : : FD : 
CA. Whence CE' = FE ; and the trian- 
gle CD'E' is equal to the triangle FDE 
(292). Now, CD'E' a&d CAB are mutu- 
ally equiangular, since D'E' is parallel to AB (152), and C is common. Hence. 
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Ihe triangles ABC and DEF are mutually equiangular, and consequently similar, 
q. E. D. 

3d^. ScH. — ^As we now know that if two triangles are mutually equiangular, 
they are similar; or, if they have their sides proportional, they are similar, it will 
be sufScient hereafter, in any given case, to prove either one of these facts, in order 
to establish the similarity of two triangles. For, either fact being proved, the 
other follows as a consequence. See Section VI., Pabt I., for familiar illustra- 
tions of this most impoitant subject 



PROPOSITION IBL 

341» Theorem. — Two triangles which have the sides of the one 
respectively parallel or perpendicular to the sides of the other, are 
s^imilar. 

Dbm. — ^Let ABC and A'B'C be two triangles whose sides are respectively 
parallel or perpendicular to each other, 
then are the triangles similar. 

For, any angle in one triangle is 
either equal or supplementary to tlie 
angle in the other which is included 
between the sides which are parallel or 
perpendicular to its own sides. Thus A 
either equals A', or A + A' = 2 right 
angles (281, 282, 283), Now, if the 
coiTesponding angles are all supplemen- 
tary, that is, if A + A' = 2 RA., B + B' 
= 2 RA.,and C + C = 2 R.A., the sum 
of the angles of the two triangles is 6 
right angles, which is impossible. Again , 
if one angle in one triangle equals the 
corresponding angle in the other, as A 
= A', and the other angles are supple- 
mentary, the sum is 4 right angles plus 
twice the equal angle, which is impossible. Hence, two of the angles of one 
triangle must be equal respectively to two angles of the other; and, if two are 
equal, the third angle in one is equal to the third in the other (221). Hence, 
the triangles are mutually equiangular, and therefore similar (336). Q. £. d. 




Fie. 284. 
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342. Theorem. — Two triangles, which have an angle in each 
equal, and the sides about the ^qual angles proportional, are similar . 
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Dbm.— In the triangles ABC and DEF 
let C = F, and AC : DF :: CB : FE; 
then are the triangles similar. 

For, place F on its eqoal C, and let D 
fall at D'. Draw D'E' paraUel to AB. 
Then AC : D'C (= DF) :: BC : CP (337). 
Bat by hypothesis AC : DF :: BC : FE 
.-. CE' = FE, and the triangles D'CE' and 
DFE are equal (284). Therefore, D'CE' 
being equiangular with ACB, is similai 
to it (885) ; and as DFE is equal to D'CE', 
DFE is similar to ACB. Q- b. i>- 
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343» Theorem* — In any right angled triangle, if a line be 
drawn frmn the right angle perpendicular to the hypotenuse^ it 
divides the triangle into two triangleSy which are similar to the given 
triangle, and consequently similar to each other, 

Dem. — ^Let ACB be a triangle right-angled at C, and CD a perpendicular 

upon the hypotenuse AB; then are ACQ and CDB 
similar to ACB, and consequently to each other. 

For, the triangles ACD and ACB have the angle A 
common, and a right angle in each; hence they arc 
mutually equiangular, and consequently 8imilar(^^6). 
For a like reason CDB and ACB are similar. Finally, 
as ACD and CDB are both similar to ACB, they are 

Q. E. D. 




D B 
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similar to each other. 



344. Cor. 1. — Either side about the right angle is a mean propor- 
tional betweeii the whole hypotenuse and the adjacent segment. 

Dem. — This is a direct consequence of the similarity of the partial triangles 
with the whole triangle. Thus, comparing the homologous sides of ACD 
and ACB, we have AD : AC : : AC : AB ;* and from CDB and ACB, we have 
DB : CB : : CB : AB. 

34S* Cor. 2. — 77ie perpendicular is a m^an proportional between 
the segments of ths hypotenuse, 

Dem. — This is a consequence of the similarity of ACD and CDB. Thus, 
AD : CD : : CD : DB. 

• Notice that AD of the triangle ACD i^ opposite ang^e ACD« ^uid AC^ l^« coii.«cqiicnt. Is 
of the triangle ACBi ^^ oppofiite the angle B^ which equals ang^e ACD* The etudent mual 
be Bore that he knowe in what order to take the sides, and why. 
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Queries, — ^To "which triangle does the first CD belong ? To which the second ? 
Why is CD made the consequent of AD ? Why, in the second ratio, are CD and 
DB to be compared ? 

346. Cor. 3. — The square described on the hypotenuse of a right 
angled triangle is equivalent to the sum of the squares described on 
the other two sides. 

Dkm.— From Oor. 1, AC* = AB x AD 

and also CB''=ABxDB. 

Therefore, addmg, AC* + CB* = AB (AD + DB) = AB*. 

347. Cob. 4. — If a perpendicular be let fall from any point in a 
circumference upon a diameter, this perpendic- 
ular is a mean proportional between the seg- 
ments of the diameter. 

Dem.— Thus, AD : CD :: CD : DB, or CD* =AD x DB. 

For, drawing AC and CB, ACB is a right angle, 
and the case falls under Cor, 2. 

The chords AC and CB are mean proportionals between the whole diameter 
and their adjacent segments by Cor. 1. 

348. ScH. — This proposition, with its corollaries, is perhaps the most fruit- 
ful in direct practical results of any in Geometry. Cor. 3 will be recognized 
as a demonstration of the Pythagorean proposition {109\ Pakt I. There are 
many other demonstrations of exceeding beauty, some of which will be given 
in Part III. The one here given is the simplest, and shows best the way in 
which this truth grows out of the more general fact of similarity. 




Fig. 237. 



PROPOSITION TI. 

349. Theorem. — Regular polygons of the same number of sides 
are similar figures, 

Dem. — ^Let P and P' be two regular polygons of the same number of sides,* 
a, J, c, d, etc., being the sides of the former, and a', b\ c', d\ etc., the sides of 
the latter. Now, by the definition of regular polygons, the sides a, 6, c, d, 
etc., are equal each to each, and also a', 6', e\ d\ etc. Hence, we have 
a '. oi! \\h \V ', \ c \ d \ \ d \ d! y etc. Again, the angles are equal, since n being 
the number of sides of each polygon, each angle is 

?i X 2 right angles — 4 right angles /qjtjjx 

Hence the polygons are mutually equiangular, and have their sides proportional ; 
that is, they are similar, q. e. d. 



* The etadent may construct two regular hexagons, if thought doeirable. 
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350. Cob. 1. — The corresponding diagonals of regular polygons 
of the same number of sides are in the same ratio as the sides of the 
polygons. 

Let the student draw a figure and demonstrate the fact. 

33 !• Cor. 2. — The radii of the inscribed^ and also of the circum' 

scribed circlesy of regular polygons of the 
same number of sides, are in the same ratio 
as the sides of the polygons. 

Deic. — Since the angles F and/ are equal, and 
bisected by FOf the right angled triangles OSF, 
0^ are equiangular, and hence similar. There- 
fore FS : /« : : SO : »0 or FO : /O. Whence, 
doubling both terms of the first couplet. 
Fie. S88. FA : /a : : SO : «0 or FO : /O. 





PBOFOSinON TIL 
3S2* The&rem* — Circles are similar figures. 

m 

Dem. — Let Oa and OA be the radii of any 
two circles. Place the circles so that they shall 
be concentric, as in the figure. Inscribe the regu- 
lar hexagons, as abcdef, ABCDEF. Conceive the 
arcs AB, BC, etc., of the outer circumference, bi- 
sected, and the r^ular dodecagon inscribed, and 
also tiie corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by (3d9). Now, as the process of bisecting the 
arcs of the exterior circumference can be con- 
ceived as indefinitely repeated, and the corresponding regular polygons as in- 
scribed in each circle^ the circles may be considered as regular polygons of the 
same number of sides, and hence similar, q. b. d. 

353* Cor. — Arcs of similar sectors are to each other as the radii 
of their circles; i. e., arc/e : arc FE : : 0/: OF. 

ScH. — ^The circle is said to be the Limit of the inscribed polygon, and 

n'cumference the limit of the perimeter. By this is meant that as the 

'^f the sides of the inscribed polygon is increased it approaches nearer 

'> equality with the circle. The apothem approaches equality with 

' hence has the radius for its limit It is an axiom of great 

hematics that, Whatever can be shown to be true of a magnk 

limit indefinitely, is tj'ue of that limit. 



OF BDCILABnT. 



1. Prob, — To divide a given line into parts f ? 5 ? Q. 
which shall be proportional to several given ] 
lines. I M . 

Solution.— Let it be required to divide OP into 
parts proportional to Ibe lines A, B, C, and D. Draw 
ON making any convenient angle with OP. and od it 
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& Show that if ABCDEF is a regular polygon, kbcdef is also re^lar, 

bcy cd, etc., being parallel to BC, CD, etc. 
Show that any two similar polygons may be 
placed in similar relative positions, and 
hence show that the cori*esponding diagonals 
are in the same ratio as the homologous 
sides. 

9. The sides of one triangle are 7, 9, and 
11. The side of a second similar triangle, 
homologous with side 9, is 4^. What are the other sides of the 
latter ? 




10. The diameter of a circle is 20. What is the perpendicular 
distance to the circumference from a point in the diameter 15 from 
one extremity? What are the distances from the point where this 
perpendicular meets the circumference to the extremities of the 
diameter.^ 



sraoFsis. 



H 

M 

m 

Cu 

c 



Primary notion of similarity. 

Definition of similarity. 

Homogeneity of sides. In general In triangles. 






O 



Prop. V. Perpendicular from 



( Cor. 1. Two angles equal. 
Prop. L Mutually equiangular. < Oor, 2. A paralfel to a side. 

( Cor^ 8. Lines cutting parallels. 

Prop. II. Sides proportional. | Scfu Either of two facts sufficient 

Prop. III. Sides parallel or perpendicular. 

Prop. IY. An angle equal in each, and sides proportional. 

Cor. 1. Side about right angle. 
Cor. 2. Perpendicular. 
• 1 ♦ i« „..^« J Cbr. 3. Square on hypotenuse, 
right angle upon^ ^ ^ F^rpendiculir on diameter. 
Hypotenuse. q^ Importance of this Prop, and 

(. Cor'8. 

i Cor. 1. Corresponding diagonals. 
Prop. VL Regular polygons similar. \ Cor. 2. Radii of inscribed and cir- 

( cumscribed circles. 

Prop. VII. Cu-cles similar. \ Sch. Circle limit of polygon. 

fProb. To divide a line into proportional parts. 
Prob. To find a fourth proportional. 
Prob. To find a third proportional. 
Pfvb. To find a mean proportional. 



AHPLIOATIONB OF THE DOOTBINB OP BIMIL&IIITX. 



SECTION XI. 

APPLICATIONS OF THE DOCTRINE OF SIMILABITY TO THE 
DEVELOPMENT OF GEOMETRICAL PROPERTIES OF riQURES. 



354. The doctrioeof Bimilarity, as presented in the preceding 
section, is the oliief reliance for the development of the geometrical 
properties of figures. This section will be devoted to the investiga- 
tion of a fevr of the more elementary properties of plane figures, 
which we are able to discover by means of this doctrine. 



OF THE RELATIONS OF THE SEOMENTS OF TWO LINES INTEBSECT- 
INO EACH OTHEB, ADD INTERSECTED BT A CIBCUHFEBEHCE. 



PROPOSITION L 

3SS. Theorem. — If two chords intersect each other in a circle, 
their segments are reciprocally proportional ; whence the product of 
the segments of one chord equala the product of the segments of the 
other. 

Dem.— Let the cboi'ds AC and GD intersect at ; then Is AO : BO : ; DO : 
CO, whence AG x CO = BO x DO. ^ 

For, draw AD and BC. The two triangles AOD and BOC 
are eqniangular, andlience eimikr; since Ihe angles at O 
are vertical, and consequenily equal {134), and D = C, 
beca I e bjih ore measured by i ate AB (SIO). (A = B 
because both are measured by } arc DC; butitlsai 
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PBOPOSITION n. 

356. Theorem^ — If from a point without a circhy two secants 
he drawn terminating in the concave arc, the whole secants are recip- 
rocally proportional to their external segments; whence the product 
of one secant into its external segment equals the product of the other 

O^ into its external segment. 

Dem.— OA and OB being secants, OA : OB : : 
00 : 00, and consequently OA x 00 = OB x OC. 
For, drawing AC and DB, the two triangles AGO 
and BOO have angle O common, and A = B, since 
both are measured by \ DC ; hence the triangles are 
similar, and we have OA : OB : : OC : OD, and 
consequently OA x 00 = OB x OC. q. e. d. 

Same queries as under the preceding demonstra- 
Fio. 945. tion. 




PBO¥(Msinoir nL 

3S7. Theorem^ — If fro7n a point without a circle a tangent be 
drawn, and a secant terminating in the concave arc, the tangent is a 
mean proportional between the whole secant and its external seg- 
O ment; whence the square of the tangent equals 

the product of the secant into its external seg^ 
ment 

Deh.— OA being a tangent and OB a secant, OB : 

OA : : OA : OC, whence OA* = OB x OC. For, 
drawing AB and AC, the triangles OAB and ACO have 
angle O common, and OAC = B, since each is measured 
by i arc AC ; hence the triangles are similar, and OB : 

OA : : OA : OC, whence OA* := OB x OC. q. s. d. 




Fio. S46. 



OF THE BISEGTOB OF AN ANGLE OF A TfilANGLE. 



PROPOSITION IV. 

358» Theorem. — A line which bisects any angle of a triangle 
divides the opposite side into segments proportional to the adjacent 
sides. 



BISEOTOa OF AH ANGLE OP A TWANGLE. 



Dkm.— Lei CD bisect the aogle ACB; t]ien 
AD .- DB : : AC : CB. 

For, draw BE paralbl to CD, and produce it 
Oil ii meets AC produced, aa at E. Now, by 
reason of the paraileU CD and EB, angb ACD 
= AEB, and angle DCB = CBE {132). Whence, 
as ACD = DCB by hypoUiesis, E - CBE and 
CE = CB <287). Also, since CD is parallel to 
EB,AD:.DB::AC: CE(337). Substituting 
for CE its eqoal CB, we liave AD ; DB : ; AC : CB. 




PBOFOSmON T. 

3S9. Theorem. — If a line be draton from any vertex of a 
triangle bisecting the exterior angle and itUerseciing Die opposite 
side produced, the distances from tJie other vertices to this intersection, 
are proportional to the adjacent sides. 

Dem.— Through the vertex C let CD 
be drawn, bisecting the exterior ragle 
FCB, and intersecting AB produced in 
D; tiien AD : BD :: AC : CB. 

For, draw BE parallel to CD. By rea- 
son of tlieee parallels, angle FCD = CEB, 

«idBCE = CBE(W3). Hence CEB = Pm aw 

CBE. and OB = CE. Also, by reason of ' 

the parallels, AD : BD :: AC ; CE. or its eqnal CB (33^ t-Sm. 




PBOPOsmoir tl 

360. Theorem,,— If a line be drawn bisecting any attgle of a 
triangle and intersecting the opposite side, the rectangle of the sides 
about the bisected angle equals the rectangle of the segments of tJte 
third side, plus the square of the bisector. 

Dkm.— Let CD bisect the anele ACB ; then AC v CB a. 



156 



ELEMENTARY PLANE OEOMSTRT. 



PR0P08ITI0N VIL 

361m Theorem. — The bisectors of iJie cmgles of a triangle all 
pass through the same pointy which is the centre of the inscribed 
circle* 

Dem. — Draw two lines bisecting two of the angles, and from tlieir inter- 
section draw a line to the other angle. Then show that the latt«r angle is 
bisected. By (Ex. 4, page 134) ihis point is shown to be the centre of the in* 
scribed circle. [The student should fill out the demonstration.] 



AREAS OF SDQLAB FIGURES. 



PROPOSITION TIEL 

362m Theorem. — TJie areas of similar triangles are to each 
other as the sqtuires described on their homologous sides. 

Dem. — ^Let ABC and DEF be any two similar triangles ; then is 

area ABC : area DEF : : CB* : FE* : : AC* : DF* : • AB' : DE* 

For, place the largest angle of the triangle 
DEF, as D, on its equal angle A, of the triangle 
ABC*; let E fall at E', F at F', and draw 
E'F'; then is triangle AE'P = DEF (284), and 
E'F' is parallel to BC. Let fall a perpendicular 
from A to CB. Then Al is the altitude of AE'F', 
and AH of ABC. Now, by similar triangles we 
have CB : F'E' : : AH : AI. 
But iAH : iAI : : AH : Al ; and, multiplying 

corresponding terms,! AH x CB : ^Al x F'E' : : AH':"Ai'. Whence, since 
iAH X CB = area ABC, and iAI x F'E' = area AE'F'= area DEF, and 

AH : Al : : CB : FE : : AC : DF : : AB : DE, or ah' :"Ar : : CB* : F? : : AC* :"DF" 

: : AB* : : DE* ; mhave 

area ABC : area DEF : : CB* : FE* :: AC* : DF* : : AB* : DE*. q. k. D. 




PROPOSITION IX. 

363. Theorem. — The areas of similar polygons are to each 
other as the squares of the homologous sides of the polygons. 



• The only object In taking the largest angle i« to make the perpendicular fall wltHn the 
triangle. Any two eqaal angles may be applied, and the ^cmonatration ie essentially the pame. 



AREAS OF SIUHAB ^QCBXS. 



ICT 




Dbu.— Let abcd^ and ABCDEF 
be two similar pol;gon«. Desig- 
nate the former hj p, and the lat- 
ter by P. Tlien p: P : : S? : AB' 
or as the eqnarea of any other two 
homologous sides. 

Pot, ftmu the equal angles a 
and A drawing the diaganale, t^e 

corresponding partial angles into _ 

which a and A are divided are Pie. 351. 

equaL [Let the student show why 1^.9^;?.] Now take AA'=ai, and draw 
b'e, making angle A&'e' = b. Then b'e' = 6«, and Ke' = ae, rinoe the trianglea 
abc and Uic' have two auKles and the included side of one equal to two angles 
and the included Bide of the other. In lihe manner draw t'd' TDakhtg angle 
b'(ld=bcA, e'd:=eel, and M,'=ad. So, also, making angle e'd'ii'= ede, and aiiffU 
ie'f = dtf, dV - de, if = ef, and /"A = fa. Hence the polygon Hie'd'^f = p, 
and its sides are respectJvely parallel to the corresponding iides of P. Now, let 
(R, 71, o, and s represent the triangles in which they stand, and M, N, O, and S 
the correspon^jig triangles of P, as AFE, etc TriangleB m and M being wmilar, 

ftnd also n and N, we have 

m 1 M : : Ad-' : aP, and n : N : ; A*-' : AE*. 
ni:M::n;N. 



n show that t 



■ : O, and that o 



la like man 

Whence tn 

By composition, (m+» + o + «) (or p) ; (M + N + i-S) (or P) ; :» :S. 

But < ; S : CJP (orai') :"AB*. Therefore j) : P : ^'ab^ : AB*, or as the equares of 

any two honiulogooB sides, q. s. d. 
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OF PEBIMETEUS AND THE RECTIFICATION OF THE 

CIRCUMFERENCE. 

368, The Rectification of a curve is the process of finding 
its length. 

The term rectification signifies making straight, and is applied as aboye, 
under the conception that tlie process consists in finding a straight line equal 
in length to the curve. 



PROPOSITION X. 

369» Theorem. — The perimeters of similar polygons are to 
each other as their hmnologous sidesp and as their correspoiuLing 
diagojials. 

Dem. — Let a, 5, c, d, etc., and A, B, C, D, etc., be the homologous sides 
of two similar polygons whose perimeters are p and P; then p : P : : a : 
A :: b : 6 : : c : C, etc. ; and r and R being corresponding diagonals, p : 
P ::r : B. Since the polygons are similar, a : A : : b : B : : e : C : : d : D^ 
etc. By composition, (a+b+e+d+etc.) (or p) : (A + B + C + D + etc.) (or P) : : a : A, 
or as any other homologous sides. Also, as the homologous sides are to each 
other as the corresponding diagonals (350), p :P ::r : R q. e. d. 

370m Cor. 1. — The perimeters of regular polygons of the sarm 
mimher of sides are to each other as the apothems of the polygons. 

For the apothems are to each other as the sides of the polygons (351), 

371. Cor. 2. — The circumferences of circles are to each other as 
their radii, and as their diameters ; since they may be considered as 
regular polygons of the same number of sides {352). 



PROPOSITION XL 

372. Theorem. — The circumference of a circle whose radius is 
1, is 27r, the numerical value of n being approximately 3.1416. 

Dem. — We will approximate the circumference of a 
cii-cle whose radius is 1, by obtaining, 1st, the perim- 
eter of the regular inscribed hexagon; 2d, the perim- 
eter of the regular inscribed dodecagon; 3d, the 
perimeter of the regular inscribed polygon of 24 sides; 
then of 48, etc. 

In order to do this, let us find the relation between 

the chord of an arc and the chord of i the arc in a 

Fra. 963. circle whose radius is 1. Call the chord of an arc as 
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AB, (7, and tlie chord of half the arc, as CB, e. JIow, BDO is right angled ot 
D. wlieiice'B0' = BD' + 0O'(34«),ot0O = ^B0'-BD'. But in the present 
tase BO = I ; hence DO = ■^T^iO'. Taking DO from CO, we have CD = 1 - 
l/l^fy' From the right angied triangle BDC we have Cfi {or c) = 
■/sb' +"00^, or Bubsliluiing i for BD, and 1 - ■vT- IC for CD, this re- 
duces to 6=^2- V4=^, or, [3-(4-C)*]' 

By the use of this formula, we make the following compntations : 
No. aides. Form of CompataUmi. Leaph of Side. FBrimetflr. 

6. See (37/) 1-00000000 6.00000000 

13. e= Va- rtiriT= V2^^. or(2-8')' . = .61763809 6.21165708 

24. e= ^2-[4-(3-3^)]i [■ = [2-{3+3»)t]l , = ^105288 8.26625723 

4.^ « = (3-{4-[2-(2+3i)']}i)l 

= J3-[2+(2+8'y]'{* = .18080626 6.37870041 

96. « = (8-|3 + [3+(3+8*)*]'[')' . . . =.06543817 128306386 

192. e = [2-(3+|3+[3+(3+3')']'}')']* . . = .03373346 6JJ8390510 
884. e= ■J2-[B+{3+|2+[2+(2+3*)']'p)']^{'' = .01686328 6.28311544 

768. e = (2-^2+[2+(3+|2 + [3+{2+3l)]*j-*)*]'^*)*= .00818131 6.28316941 

It DOW appears that the first four decimal figures do not change as the nnm- 
- her of rides is locreased, b\it will remwn the same fttjui far toever we proceed. 
We may therefore conuder 6.28817, as approximately the circumference of a 
circle whose radios ia !,<.«., 3n = 6.28317, nearly; and t = 8.1416, nearly, 

373' ScH. — The symbol x is much med in mathematics, and signifles, 
primarily, IM Kna^wu.n^erejice of a circle mhoie radiiu i» 1. i « ia therefore 
a symbol for a quadrant, 00°, or a right angle, i « U equivalent to 45°, etc., 
the radius being always supposed 1, unless statement is made to the contrary. 
The numerical value of it has been sought in a great Tarie^ of ways, all uf 
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2«' being the circomferenpe of a click whose radina is 1, wq have 
2jr : circf, : ; 1 : r, whence dr^. = 2»:r. 

375. Cob. — TJie circumference of a circle ia tcJ), D being the 
diameter y aince 2^^ = ;r2r = nD, 



AREA OF THE CIBCXiE. 



PROPOSITION xra. 

376* Theorem. — Tlie area of a circle tvhose radius is 1, is n, 

Dem.— The area of a circle is 4^ r x dreumfereTice (328), When r = 1, «r- 
emnfweJUA = %x {372) ; hence 

mrea ofdrde whose radius m 1 = ^ x 2a: = jr. q. e. d. 



PROPOSITION XIT. 

377* Theorem.— The area of any circle is jcr*, r being the 
radius, 

Dem. — The areas of circles beiug to each other as the squares of their radii, 
and Tt being the area of a circle whose radias is 1, we h&Ye 

ar : area af any drcU : : 1' : r'^ 

whence area ofemy drcSs =r rr*. <^. e. d. 

378. Cor. — The area of any sector is such a part of the area of 
the circle as the angle of the sector is of four right angles. 

379, ScH. — As the value of ie cannot be exactly expressed in numbers, it 
follows that the area cannot. Finding the area of a circle has long been 
known as the problem of Squaring the Cirde^ i, e.y finding a square equal in area 
to a circle of given radius. Doubtless many hare-brained visionaries or igno- 
ramuses will still continue the chase after the phantom, although it has long 
ago been demonstrated that the diameter of a circle and its circumference are 
incommensurable. It is, however, an easy matter to conceive a square of the 
same area as any given circle. Thus, let there be a rectangle whose base is 
equal to the circumference of the circle, and whose altitude is half the radius; 
its area is exactly equal to the area of the circle. Now, let there be a square 
whose side is a mean proportional between the altitude and base of this^ rect- 
angle ; the area of the square is exactly equal to the area of the circle. 



AJPUC&IIONS OF THE DOCIBINB OF SIHIIA&ITI. 



1. Show tliat if & chord of a circle is oonceiTed to totoIv^ Tfirpng 
in length as it revolTes, so as to keep its extremities in the ciicum- 
ference while it constaotly passes through a fixed point, the rect- 
angle of its segments remains constant 

3. The two s^ments of a chord intersected by another chord are 
6 and 4, and one segment of the other chord is 3. What is the other 
■egtnent of the latter chord P 

3. Show how Peop's I, IL, and IIL may be considered as differ- 
ent cases of one and the same proposition. 

Sog'b.— By stating Fropoaitions 1 and II. Hiua, TIu dutaneei from the iiUer- 
iMtion of thelinet to their ialeneetiom wtA the circumference, whai follows t lu 
lig. 34S, if tbe secant AO becomes & tangent, what does 00 become t 

4. In a triangle whose sides ai% 48, 36, and 90, where do the bieeo- 
tors of the angles intersect the sides ? 

5. In the last example fin^ the lengths of the bisectors. 

6. Review the examples under {1X1, 112, 113, 114), and 

give the reasons. 

7. In a circle whose radins is 20, what is the length of the arc of 
a sector whose angle is 30° ? What is the area of this sector ? 

8. If a circle whose rjidius is 24 is divided into 5 eqnal parts by 
concentric circumferences, what are the diameters of the several cir- 
cles ? If the radius is r, and nnmber of parts /( ? 

9. Prob. — To divide a line in extreme and mean ratio ; tliat is, 
BO that the whole line shall be to the greater segment, as the greater 
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10. IRroib. — 7^ inscribe a regular decagon in a circle, and hence a. 
regular pentagon, and regular polygons o/SO, 40, 80, etc., sides. 

BoLtmoN.— Diride tlie radios in extreme and newi ratio, as at (a). Tben ia 
tbe greater sef^eut ac the cbord of 
a regular inscribed decagon, as 
ABCD.etc To proTe Ibis, draw OA 
and OB, and taking OM = a« = AB, 
a aido of tbe polygon, draw -BM. 
Now, OA : OKI .- : OM : MA by con- 
elmclloD. As OM r= AB, we have 
OA : AB ; : AB : MA. Hence, con- 
aldering the antecedents as belong- 
f^Ut, *^ »g lo tlie triangle CAB, and Hie 

conseqnpnts to the triangle BAM 
we obeerre that tbe two sides about the angle A, which is common lo both tri- 
angles.areproportionBl.bencethe triangles are similar (342). Therefore, ASM 
is isosceles, Bince OAB is, and angle BMA = A = OBA, and MB = BA = OM 
This makes 0MB also isosceles, and the angle = OBM. Again tbe eslerior 
angle BMA = O + OBM = 30; hence A,whicheqnals BMA = 20. Hence also 
DBA, ivhich eqnals A, = 20. Wherefore is 1 tlie sam of the angles of the 
triangle OAB, or i of 2 right angles, = ,^ of 4 right angles. Tbe arc AB ia, 
Iherefbre the measure of i^ of 4 right angles, and is conscqnenlly -fg of the 
circamference. 

To Goiutnict the pentagon, join the allemiite angles of the decagon. Tu 
conslrDct the regular polygon ofSOudes, bisect tbe arcssabiendedbythe sides 
of the decagoD, etc. 

11. Tbe projection of one line upon tioothfT in the same plane 
is the distance between tbe feet of two perpend icnlars let fall from 
the extremities of the former upon tlie latter. Show that this pro- 
jection is eqnal to the square root of the difference between the 
square of the line and the eqnare of the difference of the perpen- 
diculars. 

12. In the triangle ABC,p being a perpendicular upon BA, proTe that 
m + n {= c) : a + i:;a — b:tn — n. 

State the fact as a proposition. Give the neces- 
sary modification when the perpendicular falls 
without the triangle. 

Soo. o* — m' = 6* — 7t', whence o' — S" = m* — n*, etc 

13. The three sides of a triangle being 4, 5, and 6, find the seg- 
ments of the last side, made by a perpendicnlar from the opposite 
angle. Ans. 3.75, and 2.25. 
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14. Same aa above when the sides are 10, 4, and 7, and the perpen- 
dicular is let fall from the angle inelnded by the sides 10 and 4. 
Draw the figure. Why is one of the segments negative ? 

15. What is the area of a regular octagon inscribed in a circle 
whose radius ia 1? What is its perimeter? What if the radius 
is 10? 

16. What ia the side of an eqnilateral triangle inscribed in a circle 
whose radius is 1 ? 
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OHAPTEEIL 

80LII> GEOMETRY.* 



SECTION I. 

OF STRAIGHT LINES AND PLANES. 



PERFENBICULAR AUB OBLIQUE LUKES. 

380. Solid Geometry is that department of geometry in 
which the forms (or figures) treated are not limited to a single 
plane. 

881. A Plane (or a Plane Surface) is a surface such that a 
straight line joining two points in it lies wholly in the surface. 

III. — ^The aorface of the blackboard i& designed to be a plane. To ascertain 
whether it is truly so, take a ruler with a straight edge, and apply this edge in 
all directions upon it. If it always coincides, i. e.^ touches throughout its 
whole length, the surface is a plane. Is the surface of the stove-pipe a plane? 
Will a stiatght linfr coincide with it in any direction? Will it in everif 
direction? 



PROPOSITION L 

38^. Theorem. — Tliree points noi in the same straight line 
determine the position of a plane. 

Dem. — ^Let A, B, and C be three points not in the same straight One ; then 
one plane cul be passed throngb them^ and only one ; i. e^ they determine the 
position of a plane. 



* In some respects, perbaps, "Otomftry^ of Space'* is preferable to this term; biit, as 
neither Is free from objections, and as this has the advantage of simplicity and long use, the 
author prefers to retain it. 
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For, pass a straigbt line throagh any two of these 
poiuls, as A and B. Now, conceive any plane con- *C 

taintng these two points; then will the line passing 
through them lie wholly in tha plane (3S1). Con- 
ceive this plane to revolve on the tine as an axis until 
the point C falls iu the plane. Thos we have o 
plane passed through the three points. That there 
can be only one is evident, since when C lalls in the 
plane, if it be revolved either way, C will not be in it ^™' ^^ 

The same may be shown by first passing a plana through B and C, or A and C. 
There is, therefore, only one position of the plane in which it will conUdn the 
third point Q. E. D. 

383, Co^ 1. — Through one lin^, or tvio points, an infinite num- 
ber of planes can he passed. 

384. CoE. 2. — JW itUersecting lines determine the position of a 
plane. 

Dbm.— Pot, the point of intersection may be taken as one of the three points 
r.q'iisile to determine the position of a plane, and any other two points, one In 
eacu iif the lines, as the other two requisite points. Now, the plane passing 
through these points contains the lines, for it contains two points in each line. 

38S- CoK. d.— Twa parallel lines determine the position of a 
plane. 

Deh. — For, pass a plane through one of the parallels, nnd conceive it 
revolved lintil it contains some point of the second parallel ; then as the plane 
cannot be revolved either way from this position without leaving this point 
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PROPOSmON EU 

388. Theorem. — A line which is perpendicular to two lines of 
a plane, at their intersection, is perpendicular to the plane. 

Drm. — Let PD be perpendicular to AB and CF at D ; then is it perpendicular 
to MN, the plane of the lines AB and CF. 

Let OQ be any other line of the plane MN, passing 
through p. Draw FB intersecting the three lines AB, 
CF, and OQ. Produce PD to P', making P'D = PD, 
and draw PF, PE, PB, PT, P'E, and P'B. Then is 
PF = P'F, and PB = P'B, since FD and BD are per- 
pendicular to PP', and PD = P'D (284). Hence, the 
triangles PFB and PTB are equal {292) ; and, if PFB 
be revolyed upon FB till P falls at P', PE will fall in 
P'E. Therefore OQ has E equally distant from P and 
p', and as D is also equidistant from the same points, 
OQ is perpendicular to PD at D (130). Now, as OQ 
is any line, PD is perpendicular to any line of the 
Fio. sas. plane passing through its foot, and consequently per- 

pendicular to the plane (387). <^. b. d. 

389* Cor. — If one of two perpendiculars revolves about the other 
as an axis, its path is a plane perpendicular to the axis. 
Thus, if AB reyolves about PP'as an axis, it describes the plane MN. 




PROPOSITION HL 

390. Theorem. — At any point in a plane one perpendicular 
can he erected to the plane, and only one. 

Dem. — Let it be required to show that one perpen- 
dicular, and only one, can be erected to the plane 
WIN at D. Through D draw two lines of the plane, 
as AB and CE, at right angles to each other. CE 
being perpendicular to AB, let a line be conceived as 
starting from the position ED to revolve about AB as 
an axis. It will remain perpendicular to AB (380), 
Conceive it to have passed to P'D. Now, as it con- 
tinues to revolve, P'DC diminishes continuously, and 
at the same rate as P'DE grows greater; hence, in 
one position of the revolving line, and in only one, as PD, PDE will equal 
PDC, and PD will be perpendicular to CE. Therefore, PD is perpendicular to 
two lines of the plane, at their intersection, and is the only line that can be 
thus perpendicular, whence it is perpendicular to the plane (388), and is the 
only perpendicular, f^, e. d. 




Fio. 227. 



FEBPBHDICnLjUt AND OBUQDB LIMBB TO A PLANS. 




SIT. 

391. Theorem.— If from any point in a perpendicular to a 
plane, oblique lines be draitm to the plane, those which pierce the 
plane at equal distances from the foot of the perpendicular are equal; 
and of those which pierce the plane at unequal distances from the 
foot of the perpendicular, those vthich pierce at the greater distances 
are the greater. 

Dbm. — Let PD be a perpendicular to the plane 
MN, and PE, PE', PE". and PE'", be oblique lioes 
piercing tlie plane at equal distancea ED, E'O, E"0, 
and E"'D, f>om the Toot of the perpendicular ; then 
PE = PE' = PE" - PE"'. For each of tbe tri- 
aogliis PDE, PDE', etc., bas two aides and the in- 
cluded angle equal to the corresponding parts in 
the other. 

Again, let FO be longer than E'O. Then la 
PF > PE'. For, take ED = E'D ; then PE = PE', 
hj the preceding part of tlie demonstration. Bnt 
PF > PE by (139). Hence, PF > PE'. q. k. d. 

392. The Indinatiotl of a line to a plane Is meaaured hy 
the angle which the line makes with a line of the plane passing 
throngh the point in which the line pierces the plane and the foot 
of a perpendicular to the plane from any point in the line. 

Thus PFD is the Inclination of PF to the plane MN. 

393, Cob. 1. — The angles which oblique lines drawn from a com- 
mon point in a perpendicular to a plane, and piercing the plane at 
equal distances from the foot of the perpendicular, make with the 
perpendicular, are equal; and the inclinations of such lines to the 
plane are equal. 

Thus the equally of the triangles, as shown in the demoustration, showi that 
EPD = E'PD = E'PD = E"'PD, and PED = PE'O = PE"D = PE"'D. 

394, Cob. 3. — ConTersely, If the angles which oblique lines 
drawn from a point in a perpendicular to a plane, make with the 
vervendicular, are eauaJ. the lines are eaual, and vierce tlte plane at 
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395. Cor. 3. — ^AIbo, coavenely^ Equal oblique lines from the 
same point in the perpendicular, pierce the plane at equal disiancea 
from the foot of the perpendicular, 

Dbm.— Let PE' =r PE" ; then is DE' = DE". For, Id POr Tewf^tre upon PD 
until E'D falls m E"D ; then, if DE' were less than DE", PE' would be less than 
PE" ; and, if DE' were greater than DE'\ PE' would be greater than PE". But 
botb of these conclusions are contrary to the hypothesis. Hence, as DE' can 
neither be less nor greater than DE", it must equal it This corollary follows 
also from (297). 

396. Cor. 4. — The perpendicular is the shortest line that can le 
drawn to a plane from a point without, afid measures the distance of 
:he point from the p lane. 



PROPOSlllON T, 

397 • Theorem. — From a point without a plane one perpendic- 
ular can he drawn to the plane, and only one. 

Dem. — Let it be required to show that one perpen- 
dicular can be drawn from P to the plaue MN, and 
only one. Take AB, any line of the plane, and con- 
ceive Pl>' perpendicular to it. Through d' draw EF, 
a line of the plane, perpendicular to AB. Now, if 
PD'E = PD'F, they are both tight angles, and PO' is 
perpendicular to two lines of the plane passing through 
its ibot, and hence perpendicular to the plane {388), 
If, however, PD'E does not equal PD'F, in the first in- 
stance, but PD'F < PD'E, conceive the line AB to 
move along the plane, continuing parallel to its 
primitive position, to as to cause D' to move towards F, thus diminishing PD'E 
and increasing PD'F. At the same time observe that, if necessaiy in order to 
keep PDA = PD'B*, EF can move along the plane parallel to its first position. 
Now, as PDF increases, passing through all successive values, and PD'E dhnin- 
isbes in the same way, there will be some position of PD', as PD, in which 
PDF =: PDE, and as by hypothesis PDA' remains = PDB', PD becomes perpen- 
dicular to two lines passing through its foot, and hence perpendicular to the 
plane. 

That there can be only one perpendiculao' is evident, since, if there were two, 
as PD' and PD, there would be two right angles in the triangle PD'D. 




Fig. 259. 



* According to the conception here used !l would not be necessary. 
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398* CoE. — Through a given point in a line one plane can ie 
passed perpendicular to the linCy and only one. 

Dem. — Let D be the point in the line PD. Pass two lines through D, as EF, 
and A B', each perpendicular to PD ; the plane of these lines is perpendicular ta 
PD. Moreover, the required plane must contain both these lines, for if it passed 
through D and did not contain DF^ there would be one line of the plane, at 
least, which would pass through D and not be perpendicular to PD, which is 
impossible. Hence, there can be no other plane than the plane of the two per* 
pendiculara EF and A'B' which shall be perpendicular to PD^ through D. 



PBOPOSITIOK VI. 

399* Theorem. — Iffrmn the foot of a perpendicular to a plane 
a line be drawn ai right atiglea to any line of tJie plane, and this 
intersection be joined with any point in the 
perpendicular, the last line is perpendicular to 
the line of the plane. 

Dbm. — ^From the foot of the perpendicular PD let 
DE be drawn perpendicular to AB, any line of the 
plane MN, and E joined with O, any point of the per- 
pendicular ; then is OE perpendicular to AB. 

Take EF = EC, and draw CD, FD, CO, and FO. 
Now, CD = DF (?)* whence CO = FO (?), and OE has 
equally distant f^om F and C, and also E. There- 
fore> OE is perpendicular to AB (?). q, e. d. 

400. Cor. — The line DE measures the shortest distance between 
PD and AB. 

For, if from any other point in AB, as C, a line be drawn to D, it is longer 
than DE (?) ; and if drawn from C to a, any other point in PD than D, Ca is 
longer than CD (?), and consequently longer tlian DE (?). 




FiQ. 900. 



PABALLEL USES AJXD PLANES. 



401. A Line is ParaUel to a plane when the two will 
not meet, how far soever they be produced. The plane is also said 
to be parallel to the line. 



* Hereafter the reason will be often left out, and tfte marie (?) will be acadto indieate tbai 
tbe stodent is to snpply It 
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Fio. sn. 



PROPOSITION TO. 

402. Theorem. — One of two parallel lines is parallel to every 

plane containing the other. 

Dbm.— AB being parallel to CD is parallel to 
any plane MN containing CD. 

Since AB and CD are in the same plane (?)^ 
and as the intersection of their plane with MN is 
CD (1), if AB meets the plane MN, it must meet 
it in CD, or CD produced. But this is impossi- 
ble (?). Whence AB is parallel to MN. q. s. d. 

403* Cob. l. Through any given line a plane may be passed 

parallel to any other given line not in the plane of the first. 

For, through any point of the line through which the plane is to pass, con- 
ceiye a line parall^ to the second given line. The plane of the two intersecting 
lines is parallel to the second given line (?). 

404. Cob. 2. — Through any point in space a plane may he passed 
parallel to any two lines in space. 

For, through the given point, conceive two lines parallel to the given lines ; 
then is the plane of these intersecting lines parallel to the two given lines (?). 



PBOPOsnioN Tm* 

4i)5. Theorem* — If one of two parallels is perpendicular to a 
planey the other is perpendicular also. 

Dbm. — ^Let AB be parallel to CD, and perpendicular to the plane MN ; then 
is CD perpendicular to MN. 

For drawing BD in the plane MN, it is perpendicular 
to AB (?), and consequently to CD (?). Through D draw 
EF in the plane and perpendicular to BD, and join D 
with any point in AB, as A ; then is EF perpendicular 
to AD (?). Now, EF being perpendicular to two lines, AD 
and BD of the plane ABDC, is perpendicular to the plane, 
and hence to any line of the plane passing through D, 
as CD. Therefore CD is perpendicular to BD and EF, 
Fio 968. and consequently to the plane MN (?). q. b. d. 

406 • Cob. 1. — Ttoo lines which are perpendicular to the same 
plane are parallel 

Thus, AB and CD being perpendicular to the plane MN, if AB is not paralle. 
to CD, draw a line through B which shall be. By the proposition this line is 
perpendicular to MN, and hence must coincide with AB (390), 




PARALLEL LINES AND PLANES. 
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407» Cor. 2, — Two lines parallel to a third 
not in their own plane are parallel to each other. 

Dem. — If AB and CD are parallel to EF, they are par- 
allel to each other. Let MN be a plane passing through 
EF at F', and to which EF is perpendicular ; then are-AB 
and CD respectiyely perpendicular to MN (?), and hence 
parallel (?). q. b. d. 




408. Parallel Planes are such as do not meet when indefi- 
nitely produced. 



PROPOSITION 

409. Theorem. — Two planes perpendicular to the same line are 
parallel to each other. 

Dem.— For, if they could meet in some point, as O, conceiye two lines drawn 
from O, one in each plane, to the points where the perpendicular pierces the 
planes. We should then have two lines from the same point, perpendicular to 
the same line (?), which is impossible. Hence, as the planes cannot meet, they 
are parallel, q. b. d. 



PROPOSITION X. 

410. Theorem. — If a plane intersect two 
parallel planes^ the lines of intersection are 
parallel. 

Dbm. — ^Let AD intersect the parallel planes MN and 
PQ in AB and CD ; then is AB parallel to CD. For, if 
AB and CD could meet, the planes MN and PQ would 
meet, as every point in AB is in MN, and every point 
in CD in PQ. Hence, AB and CD lie in the same 
plane, and do not meet how far soever they be pro- 
duced ; they are therefore parallel. Q. e. d. 

411. Cob. — Parallel lines intercepted between parcdlel planes are 
eqtmh 

Thus AC = BD if they are parallel. For, the intersections AB and CD, of 
the plane of these parallels, are parallel (?), and the figure ABDC is a paral- 
leloE^ram ; whence AC = BD (?). 




Fio.964. 



PROPOSITION XI. 

412. Theorem. — A line which is perpendicular to one of two 
parallel planesy is perpendicular to the other also. 
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B 




Dem.— Let AB be perpendicular to MN ; then is it perpendicalar to PQt^ paral- 
lel to MN. For, pass two planes through AB, and let 
CA, DB, and EA, FB, be their intersections with the 
planes MN and PQ. Now CA and EA are perpendicu- 
lar to AB (?) ; hence DB and FB being parallel to CA 
and EA (?) are perpendicular to AB (?). Therefore AB 
is perpendicular to two lines of the plane PQ, and 
consequently to the plane (?). q. s. d. 

4:13. Cob. 1. — Tlirough any point out of a 
plane, one plane can be passed parallel to tlie 
Pig. 265. given plane, and only one. 

Dem. — To pass a plane through B parallel to MN, draw the perpendicalar 
BA from B upon MN. Draw any two lines in the plane MN, through A, as CA 
and EA. Through B draw DB and FB parallel to CA and EA; then is PQ, the 
plane of these lines, perpendicular to AB, and hence parallel to MN. As the 
plane parallel to MN must contain FB and DB, and as but one plane can be 
•passed through these lines, there can be only one plane through B parallel to MN. 

did* The instance between two parallel planes ai any point 
is measured by the perpendicular. 

413* Cob. 2. — Parallel planes are every- 
where equally distant from eacfi other. 

Dbm. — Let A and B be any two points in the plane 
MN, and AC and BD the perpendiculars from these 
points, let fall on the parallel plane PQ ; then are they 
perpendicular to MN by the proposition, and since the 
figure ABC D is a parallelogram (?) [a rectangle, also (?)]^ 
FiQ. 968. AC = BD. 
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PROPOSITION 

416. Theorem. — Two angles lying in different planes, but hav- 
ing their sides parallel and extending in the same 
direction^ are equal, and their planes are parallel 

Dem. — Let A and A' lie in the different planes MN and 
PQ, and have AB parallel to A'B', and AC to A'C ; then 
A = A', and MN and PQ are parallel. 

For, take AD = A'D', and AE = A'E', and draw AA', 
DD', EE', ED, and E'D'. Now, AD being equal and par- 
allel to A'D', AA' = DD' (?). For like reason AA' = EE', 
therefore EE' rr DD'. Again, since EE' and DD' are 
respectively parallel to AA', they ara parallel to each 
other (?X whence EDD'E' is a parallelogram (?), and 
ED = E'D'. Hence the triangles ADE and A'D'E' are 
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mutaally equilateral, and A, opposite ED, is equal %& A% c^posite £'D' equal 
to ED. 

Again, the plane of the angle BAC, MN, is parallel to PQ, the plane of B'A'C . 
For, let a plane be passed tlnrougli AC and revolved until it is parallel to PQ. 
It must cut DD', which is parallel to AA', and EE', so that DD' shall equal AA' 
and EE' (?) ; hence it must pass through D. 

417. Cor. 1. — Ifttoo intersectmg planes be cut by parallel planes, 
tlie angles formed by the ijitersections are equal. 

Thus, AB and AE' being cutbj the parallel planes MN and PQ» AD is parallel te 
A'D' (?), and lies in the same durection, and AE to AE'. Hence- BAC= B'A'C (?). 

4:18. Cob. 2. — If the corresponding extremities of three equal 
parallel Knes nai in the mme plane, be joined, the triangles formed 
are equal, cmd their planes parallel 

Thus, if AA' = DD' = EE', the sides of the triangle AED are equal to the 
sides of A'E'D', since the figures AD', DE', and EA' are parallelograms (?). and 
the corollary comes under the proposition (?). 



PRWosiTioN xm. 

4:19. Theorem. — The corresponding seg- 
ments of lines cut by parallel planes are propor- 
tional, 

Dem. — Let AB, CD and EF be cut by the parallel planes 
MN, PQ, RS, and TU ; then Aa : Oe\:ab\ef iihB : /D^ 
and fikaiEiwabiik : : hB : A;F,. and Qe lEi \i ef i ik : : 
/D ikF, 

For, join the extremities A and D, and E and D, and 
conceive the intersections of the plane of AB and AD 
with the parallel planes to be BD, hdy and ac. These 
lines are paralkl (?), and kaikc -.lahicdizhBidO (?). 
For a similar reason, C« : Ac : : ^ : cd : : /D : dD (?). 
Whence, the consequents of the proportions being the 
same, the antecedents give kaiQewahief:: hB : /D. 
In like manner we can show that QeiEiw efiih i :fD : 
kF, [Let the student give the details.] From these 
proportions we have Aa : Et :: (zb : ik : ; bB : kF (?). 

Q. E. D. 
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EXERCISES. 

1. Designate any three points in the room, as one corner of the 
desk, a point on the stove, and some point in the ceiling, and show 
how you can conceive the plane of these points* 
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2. Show the position of two lines which will not meet, and yet are 
not parallel. 

3. Conceive two lines, one line in the ceiling and one in the floor, 
which shall not be parallel to each other. What is the shortest dis- 
tance between these lines ? 

4. The ceiling of my room is 10 feet above the floor. I have a 12 
foot pole, by the aid of which I wish to determine a point in the floor 
directly under a certain point in the ceiling. How can I do it ? 

Buo.^Consult Pbof. IV. 

5. Upon what principle in this section is it that a stool with three 
legs always stands firm on a level floor, when one with four may 
not? 

6. By the use of two carpenter's squares you can determine a per- 
pendicular to a plane. How is it done ? 

7. If you wish to test the perpendicularity of a stud to a level floor, 
on how many sides of it is it necessary to measure the angle which it 
makes with the floor ? By applying the right angle of the carpen- 
ter's square on any two sides of the stud, to test the angle which it 
makes with the floor, can you determine whether it is perpendicular 
or not ? 

8. We see in straight lines. If a line* be placed between our eye 
and a surface, it covers a certain space on the surface ; this figure or 
space is said to be the projection of the line on that surface. Upon 
what principles in this section is it that the projections of straight 
lines are straight ? Why is it that the projections of parallels which 
are parallel to the plane upon which we see them projected, are 
parallel, while parallel lines which are inclined to this plane are pro- 
jected in oblique lines ? 

9. If a line is drawn at an inclination of 23° to a plane, what is 
the greatest angle which any line of the plane, drawn through the 
point where the inclined line pierces the plane, makes with the line ? 
Can you conceive a line of the plane which makes an angle of 50** 
with the inclined line ? Of 80° ? Of 15° ? Of 170° ? 

Sereafter^the student should make the synopses. 



* Th« term line ie here osed In its colloqnial sense, and refers to a material representation, 
as a cord« the edge of a board, etc. 
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SECTION IT. 

OP SOLID ANGLES. 



mo. A Solid Angle is tUe opening between two or mow 
planes, each of which intersects all the others. The lines of inter- 
section are called Edges, and the planes, or the portion of the planes 
between the edges, where there are more than two, are called Faces. 

421. A IHedral Angle, or simply a Diedral, is the opening 
between two intersecting planes. 

422. A Polyedrtd Angle, called also simply a Polyedral, is 
the opening between three or more planes which intersect so as to 
have one common point, and only one. In the case of three inter- 
secting planes the angle is called a Triedral.. The point common to 
all the planes is called the Vertex. The plane angles enclosing a 
polyedral are the Facial angles. 

423. A Diedral {Angle) is tneasured by the plane angle included 
by lines drawn in its faces from any point in the edge, and perpen- 
dicular thereto. A diedral angle is called right, acute, or obtuse, 
according as its measure is right, acute, or obtnse. Of course the 
magnitude of a solid angle is independent of the distances to which 
the edges may chance to be produced. 

Ill's.— Tlie opening between the two planes CABF and DABE is a Diedral 
(angle). AB is the 
Edge, and CABF 
and DABE are the 
Facet, Let MO 
lie in tlie plane 
AF, perpendicular 
to tbe edfre: and 



"P^nI 



M 



ie) 
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would be no amblgaUy, or otherwUe bj these lettera and one in each Uce; 
Ihus, lh» diedral In (a) may be designated as AB, or aa C-ABD. 

In (6) we have a 7»edrai (angled TbQ edgm are 5A, SB, and SC ; tbufaett 
ASB, BSC, and ASC : the facial angUi are A5B, ASC, end BSC i and S is Ibe 
vertex. Sucli an angle, and any polyedral <angk), may be read by naming tlie 
angle at tbe vertex, when there would be no ambiguity, or otherwise by naming 
tbe letter at llie vertex, and then one in each edge ; tbuR S-ABCDE designates 
the polyedral (<:). The opening between the planca is the angle, in each case. 



OF filEfi&AIS. 

434, A Biedral ma; be considered us generated by the TerolntioB 
of a plane about a line of the plane, and hence ve may see the pro- 
priety of measuring it by the angle included by 
two linea in its faces perpendicnlai' to its edge, aa 
stated in tbe preceding article. 

Iix.— Let AB be a line or the plane CO. Cooceire ;B 
perpendicular to AB. Now, let the plane rerolye upon AB 
as an axis, whence gB describes a circle (f) ; and at any poai- 
I tion of the revolving plane, as^AF, since ^^ measures the 

amount Of revolution, it may be taken aa the measure of the 
diedral f-BA-ff. When gB lias made 1 of a revolntinn, the 
" plane will liave made | of a revolution, and tlie dlrdral will 

be right 

433, Cor. — Opposite diedrals are equal. 

Thus, if C-AB-D is measured by HON, »AB^ is me«8tu«d 
hy the equal angle nOn. 



Fki. m. 

PROPOSITION I. 

4'Z6. Theorem. — Any line in one face of a rigM diedral, per- 
pendicular to its edge, is perpeHdicular to the other 
fa^ 

Dbu.— In the face CB of tbe right diedral C-AB-D,let MO 
be perpendicular to the edge AB ; then is it perpendicular to 
the thee OB. For, draw ON in tbe face DB, and perpendkU' 
lar to AB. Now, since the diedral is right, and MON mcns- 
ures its angle, MON is a right angle ; whence MO is perpeu- 
diisular to two lines of the plane DB, and oonaequenlly per- 
pendicular to tbe plane, q. ■. d. 
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427m Cor- — Conyersely, If one plane contain a line which is 

perpendicular to another plane, the diedral is right. 

Thus, if H^O is perpendicular to the plane DB, C»AB-D is a li^ht diedral. 
For MO is perpendicular to every line of DB passing through its foot ^?) ; and 
hence is perpendicular to ON, drawn at right angles to AB. Whence C-AB-D is 
a right diedral, for it is measured by a right plane angle. 



PEOPosmoN n. 

4:28. Theorem. — If two planes are perpendimlar to a third, 
their intersection is perpendicular to tlie third plane. 

Dbm. — ^If CD and EF are peipendicular to the plane 
MN, then is AB perpendicular to WIN. For, EF being 
perpendicular to MN, D-FC-E is a right diedral, and a 
line in EF and perpendiculai* to FG at B is perpendicular 
to MN ; also a line in the plane CD, and perpendicular to 
DH at B, is perpendicular to MN (?). Hence, as there 
can be one and only one perpendicular to MN at B, and 
as this perpendicular is in both' planes, CD and EF, it is theii- intersection. 

Q. B. D. 




Fig. 273. 



PEOPOSITION m. 

4:29. Theorem. — If from any point perpendiculars be drawn 
to the faces of a diedral angle, their included angle will he the supple- 
ment of the angle which measures the diedral, or equal to it. 

Dbm. — Let BD and AD be any two planes including the 
diedral A-SD-B, then will two lines drawn from any point, 
perpendicular to these planes, include an angle which is the 
supplement of the measure of the diedral, or equal to it. 

If the point from which the lines are drawn is not in 
the edge SD, we may conceive two lines drawn through 
any point, as S, in this edge, which shall be parallel to the 
two proposed, and hence include an equal angle, and 
have their plane parallel to the plane of the proposed 
angle (416), Let the latter lines be SO and SP. We are 
to show that OSP is supplemental to the measure of A-SD-B. 
A plane passed through S, perpendicular to the edge SD, 
will contain the lines SO and SP {388) ; and its intersec- 
tions with the faces, as SB and SA, will form an angle 
(ASB) which is the measure of the diedral (423). Now, 
PSA = a right angle (?), and OSB = a right angle (?). Hence, 
PSO and ASB are either equal or supplemental {283), 

4^ E. D. 
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OF TRIEDBALS. 

430. TriedraU are Rectangular, Birectangular, or^Trirectan- 
guiar, according as they have one, two, or three, 
right diedral angles. 

Ill'b.— The comer of a cnbo Is a TS-ireetangular 
triedr&l, as S-ADC. Conceive the upper portion of 
the cube removed by Ibe plane ASEF; then the angle 
at S, i «., S-AEC is a Birtelangular triedral, A-SC-E 
and A-SE-C being right diedrals. 



431. An Isosceles Triedral is one that has two of its facial 
anglea equal. An Equilateral Triedral is one that has all 
three of its facial angles eqnaL 

432. Two Symmetrical Triedrals are siioh as have the 
facial angles of the one equal to the facial angles of the other, each 
to each; but in which the equal facial angles are not similarly 

Bitnated,and hence the triedrals are not necessarily 
capable of snperpositioa. 

Ill's. — Let the edges of the triedral S-ABC, be pro- 
duced beyond the vertex, forming a second triedral S-tiAo; 
Uien are tbe two triedrals symmetrica), i. e., the faces 
are equal plane sngleR, but disposed In a different order. 
Tlius, ASB = (tSA, ASC = oSe, and BSC = ^; but the 
Iriedralg cannot be made to coincide. To sliow tbia 
fact, conceive the upper triedral detached, and the face 
(&e placed in Its equal fbce ASC, Sa in SA, and 5e in SC. 
Now, the edge SA, instead of falling in SB will fkll on the 
lefliofthe plane ASC. 

Syinmetrlcal solids areof frequent occurrence: tlie two 
hands form an illustration ; for, though the parts may be 
exactly alike, tbe bands cannot be placed so that their 
like parts will be simUarly situated; in short, the left 
glove will not fit the right band. 

433. Two triedrals are Supplementally when the edges of 
one are perpendicular to the faces of the other. (See 438a.) 
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Deh. — T 's proposition needs demonstration only in 
case of the siuu of tlie two smaller facial angles as com- 
pared with the greatest (?). Let ASB and BSC each be less 
than ASC ; then is ASB + BSC > ASC. For, make the an- 
gle ASb' = ASB, and Sb' = Sb, and pass a plane through b 
and b\ catting SA and SC in a and c. The two triangles aSb 
and aSb' are equal (?), whence ab' = <ib. Now, ab + bc> ae 
(?), and subtracting ab from the first member, and its equal 
ab' from the second, we have be > b'c. Whence the two tii- 
angles bSe and b'Se have two sides equal, but the thiitl side 
be > than the third side b'e, and consequently angle bSe > 
b'Se. Adding ASB to the former, and its equal ASb' to the 
latter^ we have ASB + BSC > ASC. q. s. d. 




43S0 Cor. — T/ie difference hetioeen miy two facial angles of a 
triedral is less than the third facial angle (?). 



PROPOSITION Y. 

4SS* Theorem. — The sum of the facial angles of a triedral 
may he anything between and four right angles. 



Brm. — Let ASB, BSC, and ASC be the facial angles 
enclosing a triedral ; then, as each must have some value, 
the sum is greater than 0, and we have only to show that 
ASB + ASC + BSC < 4 right angles. Produce either 
edge, as AS, to D. Now, in the triedral S-BCD, BSC 
< BSD + CSD. To each member of this inequality add 
ASB + ASC, and we have 

ASB + ASC + BSC < ASB + ASC + BSD + CSD. 
But, ASB + BSD = 2 right angles (?), and ASC + CSD = 
2 right angles; whence ASB + ASC + BSD + CSD = 
4 right angles; and consequently, ASB + ASC + BSC < 
4 right angles, q. b. D. 



/D 



S/ 




PROPOSITION TL 

437m Theorem* — Two iriedrals having the facial angles of tJie 
one equal to the facial angles of the other ^ each to each^ and similarly 
arranged, are equal. 
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DBiL^In the triedrab S and «, let ASB = lub. BSC = tee, and CSA = <wr, 

and let llhese facial angles occur in tlie same 
order, then is S-ABC = j-ote. 

Take C, any point in SC, and make «;=SC, 
and draw AC and BC perpendicular to SC, 
and ac and he perpendicular to 9c ; then ACB 
measopes the diedral A-SC*B, and aob the die- 
dral €h9&h. Now the triangles SCB and «^ 
are mutually equiangular (?) and have SC = 
$e ; hence SB = 46, and CB = eb. For a like 
reason AC = 00, and SA = tOw Hence AB = 
ab (?), and the triangles ACB and acb are equal (?). Now, since angle ACB, 
measuring the diedral A-SC-B, equals angle 006, measuring the diedral a-«6^, 
these diedrals are equal, and can be applied to each other. Applying these 
diedrals, since angle ASC = ass, and BSC = Am, the edges AS and d» coincide, 
as also do BS and At, whence the triedrals coincide throughout, and are conse- 
quently equal. <^ b. D. 




PROPOSITION TIL 

438. Theorem. — Of two supplemeniary iriedrah, the facial 
angles of the one are the supplements of the diedrals of the other. 

Dem.— Let S-ABC be any tricdrnl ; if a second triedral be formed with its 

edges perpendicular to the faces of 
S-ABC, one to each &ce respect- 
ively, then are the facial angles of 
the one, supplements of the die- 
drals of the other. 

If the vertex of the second trie- 
dral is not at the vertex of the first, 
we may conceive a triedral formed 
by drawing three lines through the 
vertex S, as SE, SD, and SF, paral- 
lel to the edges of the given trie- 
dral ; then will these edges be per- 
pendicular to the same planes ns 
the edges to which they are paral- 
lel (40S)f and hence the angle 
thus formed (S-EDF) will be a triedral supplemental to S-ABC (433), and 
the facial angles of the two having their edges parallel will be equal {41S\ and 
consequently the triedrals equal {437). Now, SE being perpendicular to ASB, 
and SF to ASC, angle ESF is sappleinental to the diedral B-SA-C {429.) lu 
like manner, Su being perpendicular to BSC, DSE is supplemental to A-SB-C« 
and DSF to A-SCB. 

Thus we have shown that the facial angles of S-EOF are the supplemente 




Fig. 980. 



OF TBIBDRALS. 



181 



of the diedrals of S-ABC. We are now to 8liow that the tadal angles of 
S-ABC are supplements of the diedrals of S-EDF ; i. «., that ASB is the sup- 
plement of D-SE-F, BSC of E-SD-F, and ASC of D-SF-E. Since SE is by liy- 
pothesis perpendicular to ASB, it is perpendicular to AS {3S7) ; and since SF 
is perpendicular to ASC, it is perpendicular to AS (3^7). Hence AS is per- 
pendicular to the face FSE (?). In like manner we may show that SB is per- 
pendicular to DSE, and SC to DSF ; whence it follows from the preceding part 
of the demonstration, or directly from {429\ that angle ASB is' the supple- 
ment of D-SE-F, BSC of E-SD-F, and ASC of D-SF-E. 

438a. ScH.— If any edge of S-EDF, as DS, is produced beyond S, another 
triedial is formed which has its edges peipendicnlar to the faces of S-ABC. 
Thus in all 4 triedrals can be formed with their edges peipendicnlar to the faces 
of S^BC ; but the proposition holds only for S-EDF. . 



PROPOSITION vm. 

439* Theorem. — T7ie sum of the diedrals of a triedral may he 
anything hetwee7i two and six right angles, 

Dbm. — Each diedral being the supplement of a plane angle of the supple- 
mentary triedral, the sum of the three diedrals is 3 times 2 right angles, or 
6 right angles — the sum of the angles of the supplementary triedral. But this latter 
sum may be anything between and 4 right angles (?). Hence the sum of the 
diedrals may be anything between 2 and 6 right angles. Q. B. D. 



PROPOSITION IX. 

440. Theorem. — An isosceles triedral and its sym^ 
metrical triedral are equal* 

Dem. — Let S-ABC be an isosceles triedral with the facial angle 
ASB = BSC ; then is it equal to its symmeti-ical triedral S-abe, 

For, revolve Sabc about S until Sb falls in SB, and bring the 
plane Sba into the plane SBC ; then, since the diedrals C-SB-A and 
a-S6-c are opposite, they are equal (425)y* and the plane Sbc will 
fall in SBA. Moreover, Sa will fall in SC, since angle BSC = ASB 
(by hypothesis) = bSa (vertical to ASB). In like manner Se will 
fall in SA, and the triedrals will coincide, and are therefore equal. 

Q. B. D. 

441. ScH.^If angle ASB Is not equal to BSC, it is easy to see that the ap 




* Shonid the pupil have difficulty in perceiving this, let him notice that CSB and eSd ar| 
parts of one and the fame plane : nnd ASB and aSb are parte of another. Now bS la the Inten 
■ection of these nlane?, and the diedi^ls mentioned are on opposite aides of this line of inte» 
•action. 
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plicatloii will ftiil, notwithstanding the diedrals are equal, and the triedrals 
Bymmetrical. 

443* Cor. 1. — TJte diedrah opposite the equal facial angles of an 
isosceles triedral are equal 

The diedral b-Sa-e = B-SA-C being opposite, and b-Sa-c = B-SC-A as shown 
in the demonstration ; hence B-SA-C = B-SC-A. 

443. Cor. 2. — Conversely, If two diedrah of a triedral are equal, 
the triedral is isosceles. 

DBM.~If B-SA-C = B-SC-A, S-ABC is iaoeceles. For, revolving S-abe as he- 
fore till the facial angle aSe falls in its equal (?) ASC, since tlie diedral B-SC-A 
= B-SA'C (by hypothesis) and the latter equals its opi)Osite bSa-e, the plane iSa 
will fall in the plane BSC ; and, for like reasons, the plane bSe will fall in BSA. 
Now, as these planes coincide, their intersections Sb and SB coincide, and the 
triedrals are equal ; and the facial angle BSC = bSa, But bSa = ASB (?); hence 
ASB = BSC ; i. e., tlie triedral S-ABC is isosceles. 



PROPOSITION X. 
444. Theorem. — Two symmetrical triedrals are equivalent. 

Dbm.— S*ABC is equivalent to its sjmunetrical 

triedral S-^tbo. 

For, let cfD be so drawn that the angles DSA, 
DSC, and DSB shall be equal, and consequently dSa 
= dSc — dSby and the latter respectively equal to the 
former. Then the isosceles symmetrical triedral 
S-DCB = S-dcb, S-DCA = S-dca, and S-ADB = S-adb. 
Wlieiice the polyedral S-ABCD = S-abcd. Now, 
from the former subtracting S-ADB, and from the 
latter S-adb, there remains S-ABC = S-abe. q. e. d. 

445. 8cB.^lfdD fell within the given triedrals, 
they would be made up of the three equal isosceles 
triedrals, and hence equivalent. 




Fio. 28S. 



PBOPOsrrioif xl 

446. Theorem* — Ttoo triedrals which have two facial angles 
and the i^icluded diedral equal, each to each, are equal, or symmetri- 
cal and equivalent. 

DBM.--If the equal faces are on the same «ides of the diedral in the two 
triedrals, the one figure can be applied to the other; and if th^ an on different 
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sides, the edges of one triedral may be produced, forming the symmetrical tri- 
edral, to which the other given triedral may be applied. [Let the student con- 
struct figures, and go through with the application.] 



PROPOSITION 

^4:7* Theorem. — Tioo triedrah which have two diedraU and 
the included facial angle equal, are eqtial, or symmetrical and eqtiiva- 
lent 

Dbm. — [Same as in the preceding. Let the student draw figures like those 
for tlie preceding, and go through witli the details of the application.] 

448. Cor. — It will be observed that in eqtml of in symmetrical 
triedralsy the equal facial angles are opposite the equal diedrals. 



PROPOSITION xnL 

449. Theorem. — Two triedrals which have two facial angles 
of the one equal to tioo facial angles of the other , each to each, and the 
included diedrals unequal, have the third facial aiigles unequal, and 
the greater facial angle belongs to the triedral having the greater in^ 
eluded diedral. 

Dem. — Let ASC = <mc, and ASB = asb^ 
while the diedral C-SA-B > c-sa-h: then CSB 

> csb. 
For, make the diedral C-SA-<? = c-m-h : and 

taking A&? = a«6, bisect the diedral ^-SA-B with 

the plane ISA. Draw^ o\ and e>C, and conceive 

the planes e?SI and <?SC. Now, the triedral 

S'koC = s-ahe, since they liave two facial angles 

and the included diedral equal {440). For a 

like reason S-Ah — S^IB, and tlie facial angle 

oS\ = ISB. Again, in the triedral S»k>C, oS\ + 

ISC > oSC (434), and substituting ISB for oS\, we have ISB + ISC (or BSC) > 

oSCy or its equal bse. q. s. D. 

450. Cor. — Conversely, If the two facial angles are equal, each to 
each, in the tioo triedrals, and the third facial angles unequal, the 
diedral opposite the greater facial angle is the greater. 

That is, if ASB = asb, and ASC = asc, while BSC > bw, the diedral B-AS-C 

> b-aS'C, For, if B-AS-C = b-as-c, BSC = bsc (446\ and if B-AS-C < b-as^, 
BSC < bse, by the proposition. Therefore^ as B-AS-C cannot be equal to nor 
less t!ian b-as-c^ it must be greater. 
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PBOPOSniON XIY . 

451, Theorem* — Ttvo triedrals which have the three facial 
angles of the one equal to the three facial angles of the other, each to 
eachy are equal, or symmetrical and equivalent. 

Deic. — ^Let A, B, and C represent the facial angles of one, and a, 5, and e the 

corresponding facial angles of the other. If A =: 
a, B = ft, and C = ^, the triedrals are equal. For A 
being equal to a, and B to h, if, of their included die- 
drals, SM were greater than «m, C would be greater 
than c ; and if diedral SM were less than diednd 
«m, C would be less than «, by the last coroUary. 
Hence, as diedral SM can neither be greater nor 
less than diedral «m, it must be equal to it. For like 
reasons, diedral SN = diedral «n, and diedral SO 
= diedral w. Therefore, the triedrals are equal, 
or symmetrical, according to the arrangement of the faces. Thus, if SN and <n 
are both considered as lying on the same side of the planes MSO and mso^ the 
triedrals are equal ; but, if one lies on one side and the other on the opposite 
side of those planes (SN in front, and m behind, for example), the diedrals are 
symmetrical, and hence equivalent 
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PROPOSITION xy. 

4S2m Theorem* — Two triedrals tohich have the three diedrals 
of the one equal to the three diedrals of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dsac. — In the two triedrals supplementary to the given triedrals, the fiicial 
angles of the one will be equal to the facial angles of the other, each to each, 
since they are supplements of equal diedrals {43S), Hence, the supplementary 
triedrals are equal or equivalent, by the last proposition. Now, the facial angles 
of the first triedrals are supplements of the diedrals of the supplementary ; 
whence the corresponding facial angles, being the supplements of equal diedrals, 
are equal. Therefore, the proposed triedrals have their facial angles equal, each 
to each, and are consequently equal, or symmetrical and equivalent. Q. B. d. 

453. OoE. — All trirectangular triedrals are equal. 

454* SCH. — ^The proof that two forms are equal, includes the fact that cor- 
responding parts are equal. 
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OF POLYEDRALSL 

4SS% A Convex Pdyedral is a poljedral in which none of 
the faces, when produced, can enter the solid angle. A section of 
snch a polyedral made by a plane catting all its edges is a convex 
polygon. [See Fig. 285.J 



PBOFOSITION XYL 

4LS6m Theorem* — The sum of tJie facial angles of any convex 
polyedral is less than four right angles. 

Dem. — Let S be the yertex of any conyex polyedraL Let llic edges of Ibis 
polyedral be cut by any plane, as ABCDE, which section 
will be a conyex polygon, since the polyedral is convex. 
From any point within this polygon, as O, draw linos t(» 
its vertices, as OA, OB, OC, etc. There will thus be formed 
two sets of triangles, one with their vertices at S, and 
the other with their vertices at ; and there will be an 
equal number in each set, for the sides of the polygon 
form tlxe bases of both sets. Now, the sum of the angles 
of one set of these triangles is equal to the sum of the 
angles of the other set. But the sum of the angles at the 
bases of the triangles haying their yertices at S is greater 
tlrnn the sum of the angles at the bases of the triangles 
having their yertices at 0, since SBA 4- SBC > ABC, 
SCB + SCD > BCD, etc {434), Therefore the sum of the angles at S is less 
than the sum of the angles at 0, i. e,, less than 4 right angles. Q- ^ n. 
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EXERCISES. 

1. I haye an iron block whose corners 
are all square (edges right diedrals, and 
the yertices trirectangular, or right, trie- 
drals). If I bend a wire square around 
one of its edges, as cS'd, at what angle do 
I bend the wire ? If I bend a wire ob- 
liquely around the edge, as asb, at what 
angle can I bend it ? If I bend it ob- 
liquely, as eS"fy at what angle can I bend 
it? 
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2. Fig. 286 represents the appearance of a rectangular parallelopi- 
ped, as seen from a certain position. Now, all the angles of snch a 
solid are right angles : why is it that they nearly all appear obliqne ? 
Can yon see a right parallelepiped from snch a position that all the 
angles seen shall appear as right angles ? 

3. The diedral angles of crystals are measured with great care, in 
order to determine the substance of which the crystals consist How 
mnst the measure be taken ? If we measure obliquely around the 
edge, shall we get the true yalue of the angle ? 

4. Cut out any triedral from a block of wood (or a potato), and 
stick three pins into it, as near the yertex as you can, one in each 
face, and perpendicular to that face. What figure do the three pins 
form ? What relation does the angle included between any two ad- 
jacent pins sustain to one of the diedrals of the block ? Which ones 
are they that sustain this relation ? 

5. Can three planes intersect each other and yet not form a trie- 
dral angle ? In how many ways ? Can they all three hare a common 
point, and yet not form a triedral ? 

6. From a piece of pasteboard cut two figures 
of the same size, like ABCDS and ahcda. Then 
drawing SB and SC so as to make 1 the largest 
angle and 3 the smallest, cut the pasteboard 
almost through in these lines, so that it will 
readily bend in them. Now fold the edges AS 
and DS together, and a triedral will be formed. 
From the piece beads form a triedral in like 
manner, only let the lines sc and sa be drawn 
so as to make the angles 1, 2, and 3 of the same 
size as before, while they occur in the order 
Fio. as7. giyen in heads* Now, see if you can slip one 

triedral into the other, so that they will fit What is the diflS- 

culty ? 

7. In the last case, if 1 equals | of a right angle, 2 = ^ of a right 
angle, and 3 = | of a right angle, can you form the triedral ? Why ? 
If. you keep increasing the size of 1, 2, and 3, until the sum becomes 
equal to 4 right angles, will it always be possible to form a triedral ? 
How is it when the sum equals 4 right angles ? 
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SECTION III 
OP PRISMS AND CYLINDERa 



4:5V. A Prism is a solid, two of whose faces are eqnal, parallel 
polygons, while the other faces are parallelograms. The equal par- 
allel polygons are the Banesy and the parallelograms make up the 
Lateral or Convex Surface. Prisms are triangular, quadrangular, 
pentagonal, eta, according to the number of sides of the polygon 
forming a base. 

4S8> A. Right Prism is a prism whose lateral edges are per- 
pendicular to its bases. An ObHgue prism is a prism whose late- 
ral edges are oblique to its bases. 

4S9^ A SefftUar Prism is a right prism whose bases are 
regular polygons ; whence its faces are eqnal rectangles. 

460. The Altitude of a prism is the perpendicular distance 
between its hases : the altitude of a right prism is equal to any one 
of its lateral edges. A DiagoHal of any solid is a line joining any 
two vertices not in the same fiite. 

461. A Truncated Prism is a portion of a prism cut off by 
a plane not parallel to its base. A section of a prism made by a plane 
perpendicular to its lateral 
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ograms. If its faces are all rectangular^ it 'is a rectangular parallel- 
epiped. 

463. A Cvbe is a rectangular parallelepiped whose faces are all 
equal squares. 



PROPOSITION L 

464* Theorem. — Parallel plane sections 
of any prism are equal polygons. 

Dem.— Let ABCDE and abcde be parallel sections of 
the prism MN ; then are they equal polygons. 

For, the intersecticns with the lateral faces, as db 
and AB, etc., are parallel, since they are intersections 
of parallel planes by a third plane (410). Moreover, 
these intersections are equal, that is, ab = AB, be = BC, 
ed = CD, etc., since they are parallels included between 
parallels (242). Again, the corresponding angles of 
these polygons are equal, that is, a = A, d = B, <; = C, 
etc., since their sides are parallel and lie in the same 
direction (416), Therefore the polygons ABCDE, and 
abcde, are mutually equilateral and equiangular ; that 
is, they are equal. Q. E. D. 

46S. Cor. — Any plane section of a prism, parallel to its base^ is 
equal to the base j and all right sections are equal. 
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PROPOSITION IL 

4S6* Theorem, — If three faces including any triedral of one 
prism are equal respectively to three faces including a (riedrcU of tJie 
other, and similarly placed^ the prisms are equal* 

Dem.— In the prisms Arf, and hfd*, 
let 'ABCDE equal A'B'C'D'E', ABia = 
Of k'B'b'a\ and BOcb - B'CV^ ; then are 
the prisms equal. 

For, since the facial angles of the 
triedrals B and B' are equal, the trie- 
drals are equal (451), and being ap- 
plied they will coincide. Now, con- 
ceiving A'df as applied to kd, with B' 
in B, since the bases are equal poly- 
gons, they will coincide throughout ; 
and the faces aB and a'B' will also 
couLcide, Whence, as a^b' falls in ab^ 




Fig. 890. 



and V€ in 6e, the upper bases, which are equal becanee equal lo the equal lower 
bases, will coiacide. Tlierefure the remaiaing edges will have two points com- 
mon in each, and will consequently coincide. 

^St> Cob. 1. — Tu>i} right prisms having equal bases and equal 
altitudes are eqnoL 

If the foces are not similarly arranged, one prism can be inverted. 

468. Cob. Z.-^The above propostlion applies also to truncated 
pritms. 



pBOPOsiTioir m. - 

469. Theorem. — Any oblique prism is 
equivalent to a right prism, whose bases are right 
sections of the oblique prism, and whose edge is 
equal to the edge of the oblique prism. 

Deu. — Let LB be an oblique prism, of which abcde and 
fghS are right sections, and gb ^CB; then is lb equiva- 
lent to LB. For the trnncaled prisms IC and «B have the 
faces including any triedral, as C and B, equal and simi- 
larly placed (?), whence tliese prisms are eqnal (400). 
Now, from the whole figure, take away prism IC, and 
tUere remains the oblique prism LB ; also, from the whole 
take away the prism «8, and there remans the right 
prism Ht. Therefore, the right pilsm lb is equivalent to 
the oblique prism LB. ^ e. d. 




FROPOSITIOIT IT. 

The opposite faces of a paralUlopiped are 



470. Theorem. 

equal and parallel. 

Dek. — Let Ae be a parallelopiped, AC and ae being 
its equal bases (dS2) ; then are iis opposite faces cquiil 
and parallel 

Since tlie bases are parallelograms, AB is equal and 
Darallel to DC : and. since the faces are Darallelocrams. 



M 
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FB0P08ITI0N T. 

471m Theorem. — The diagtmals of a parallelepiped bisect one 

another. 

Dem. — Pass a plane through two opposite edges, 
as bB and dD. Since the bases are parallel, bd and 
BD will be parallel (410\ and bSOd will be a paral- 
lelogram. Hence, M) and dB are bisected at o (?). 
For a like reason, passing a plane through dc and AB, 
we maj show that dB and eA bisect each other, and 
•hence that eA passes through the common centre of 
dB and bO, So also aC is bisected by &D, as appears 
from passing a plane through ab and DC. Hence, all 
the diagonals are bisected at o. q. B. ix 

FiQ. 99R. 

472» Cob. — Tlie diagonals of a rectangular paraUelopiped are equal 




PBOPOSITION YL 

4:73m Theorenim — A pardllelopiped is divided into two equiva- 
lent triangular prisms by a plane passing through its diagonally 
opposite edges. 

Dem.— Let H-ABCO be a parallelopiped, dirided 
through its diagonally opposite edges FA and HC; 
then are the triangular prisms H-ABC, and L-AOC 
equiyalent 

For this parallelopiped Is equiyalent to a right 
parallelopiped haying a right section Abed for its base, 
and AF for its edge {469), i. «., H-ABCD is equiya- 
lent to h'Abcd. For the same reason the oblique 
triangular prism H-ABC is equiyalent to the right 
triangular prism h-Abc; and L-ADC is equiyalent 
to l-Adc. But h-Abe is equal to h-Ade, as they 
are right piisms with equal bases {467) and a com- 
mon altitude. Hence, H-ABC is equiyalent to L-ADC, 
they are equiyalent to two equal prisms, q. b. d. 




Fig. 394. 



PROPOSITION TIL 

474m Theorem. — Any parallelopiped is equivalent to a rectan^ 
gular parallelopiped having an equivalent base and the same altitude^ 



OF FRISMB. 



m 



Dek.— Lei H-ABCD be any parallelopiped 
with all its faces obliqne. Ist. By making the 
riglit sectioD adHe, and ompleting ttie paral- 
lel(ipiped otfHeiKy, we liaye an equivalent right 
parallelopiped {469). 2d. Tbrougli tlie edge 
ef iif this right parallelopiped make the right 
section ea'b'f and complete llie pHTallelopiped 
ea'b'fWde'O, and me have a rectangular paral- 
lelopiped eqtiiTalent to the one prefinuBly 
formed (4G9), and hence equivalent lo the ' 
given one. Now, the base of ihia rectangular 
parallelopiped, t. e., a,'¥&d', is equal lo abed (?), 

which In turn is equivalent lo ABCD (?). Moreover, the allilude of the 
reptangular parallelopiped 1b the satue as that of the given one, since Iheir 
bases iie in the same parallel planes Ao' and EG. Therefore, the parallelopiped 
H-ABCD ia equivalent to the rectangular parallelopiped H-a'fc'd', which 
has an equivalent base and (he aame altitude, q. b. d. 




FROFOSITIOII Tin. 

4:73. Theorem, — The area of the lateral surface of a right 
prism is equal to the product of its altitude into the perimeter of 
its base. ' 



Dbh.— The lateral hces are 
tade the altitude of Qie prism (^0). 



having for their c 
Whence the area of any Ace la the 
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Hicb n mumer as to remslD all Ibe dme parallel to lis flnt porition AB, 

whUe A trace* Ihe curve A 128456 M. Th6Burf««: I Iihb traced u a CVu'» 

ibieal Sutfaee ; AB is Ilio QtnertUrii, aad Oie curve ANM [lie Direetrix. 

477. A Circular Cylinder, called also a Cylitider of Revolu- 
tion, is a solid generated by tbe revolatioii of a rectangle aroimd one 
of its sides as an axis. 



lu.— Let COAB be a rectangle, and o 
Tolred about CO as an axU, taking SDCnssivelj the 
positiona COA'B', COA"B", eta ; tbe solid generated is a 
OCreular Q/Undtr, or a cylinder of rerolution. The n- 
rolvlng «de AB ia tbe generatrix of tbe auriace, and 
the dnmmferencc OA (or CB) is tlie directrix. This ia 
the oolf cylinder treated in Elementary Geomelry, and 
b tuiwllr meant when tbe word Gyttjidsris used wilbonl 
specifying tbe kind of cylinder. 

478. The Aada of tbe cylinder is the fixed 
side of the rectangle. The side of the rectangle 
opposite the axis generates the Convex Surface; 
while the other sides of the rectangle, as OA and 
CB, generate the Bases, which in the cylinder of 
revointion are circles. Any line of the surface corresponding to 
some position of the generatrix is called an Element of the surface. 



r^ 



479. A Right Cylinder is one whose elements are perpen- 
dicular to its base. In snch a cylinder any cli'ment is equal to the 
axis. A Cylinder of Revolution (477) is right. 

480. A prism is said to be inscribed in a cylinder, when the bases 
of the prism are inscribed in the bases of the cylinder, and the edges 
of the prism coincide with elements of the cylinder. 



OF PBISMB AHD CTUNDEBS. 

Deh. — Let a right prism, willi any regular polygon fnr 
its base, lie inscribed in tiie cylinder, as k-abedef, in the 
cylinder wliose axis is HO. Tlie area ol' tlie lateral surface 
of llie, prism is HO (= hb) into tUe pciinicier of iia base, 
i,i)., HO X (ofi + ie + cd + de + if +fa). Now, bisect the 
arcs aJ, be, etc., and inscribe a regular piilygon of twice the 
number of sides of tUe preceding, and on this polygon as 
a base construct the right iuscnbed prism with double the 
number of faces that the first had. The area of the lateral 
surface of this prism is HO x (Ae perimeter of itt base. In 
like manner conceive the operation of inscribing ligbt 
prisms with regular polygon^ bases continually repeated; 
it will idmay* be true that the area of the lateral surface 
is equal to HO x the perimeter of the base. But the circum- 
ference of tlie base of the cylinder is the limit toward 
which the perimetera of the inscribed polygons forming the bases of liie 
coDSlADtly approach, and the coHVex surface of the cylinder is Ihe liniii 
Uteral surface of the inscribed prism. Therefore, the area of the cnnv 
face of the cylinder is HO into the circumference of the base. Finally, 
the radius of the base, 2tK is its circumference. This mulllpli<'d by 
altitude, t'. e., H x SnR, or axRS, is the area of the couvez surface 
cylinder. 




Fia. SflB. 



PKOFOSITION X. 



482, Theorem. — Tlie vohtme of a reciangwhr parallelopiped 
is equal to the product of the three edges of ww of its triedrah. 

Dkk.— Let H-CBFE be a reclangolar paral* 
leloplped. 1st. Suppose the edges commen- 
Burable, and lei GC be 5 unKs in length. BA 
4, and BF 7 Now conceive a cube, as d-fbSg^ 
'Whose edge is one of these linear units. This 
cube may be used as the unit of volume. Con- 
ceive the parallelopiped 0-eaBi, whose length 
is 7, and whose edges ea and eb are 1 (the 
linear unit of measiu-e assumed). This paral- 
lelopiped will contain as many of the units 
of volume as there are linear nnlis in BF: p,a 3^ 

we suppose 7. Again, conceive the paral- 
lelepiped whose base is ECBF and altitude PE, one of the linear units. This 
parallelopiped will contain as many of the former as there arc linear units in 
BC: we suppose 5. Hence Ibia last volume is Q x 7 = 85. Finally, there will 
13 
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be as nianr times tliia nnmber of nntta of Tolame Id the whole pM«l]e1opiped 
nn AB conutoH linesr units, or 4 x 85 = 140. Hence, wheD the edges are 
cdiiimensunible, the Tolame ]s the product of the three edges Including « 
Iriedral. 

2d(1. Wlien the edges are not comntennirable, we reach the same conclasiou 
by lakins aiicceaalTelj a smaller mid imBller linear nniL Thns, for a flrst 
Hpproximsiiun t«keBimie nlkjuiit port of one edge, aa iS of FB, Now, by hypo- 
lliraia tills is not ciiataiiied an exact number of tlmea in BC, nor in BA. Bat 
conceive it as applied to 8C as many timea as IL can be ; the reminder will be 
less tlian A TB. In lilie manner conceiTe it applied to AB. The volume of the 
parallel 'ipiped included by these edgea will be meaiared by the product of the 
edges. N'lw conceive the linear unit smaller. The unmeasured portion will 
be less. Thua, by supposing tlie llnearnnit Co diminish indefinitely, wo see that 
If mil aiaayt remain true that the meunre is the product of the tliree edges 
forming a triedral. 

483. Cob. 1. — 7%e volume of a cube is the third power of its 
edge. 

484. SCH. — ThiB fact gives rise to the term eubt, as used in arithmetic and 
algebra, for " third [xiwcr." 

485. Cob. %. — The volume of a rectangular paralMopiped is 
equal to the product of its altitude into the area of its hose, the linear 
unit being the same for the measure of all the edges, 

486. CoE. 3. — 7%s volume of any paratlelopiped is equal to the 
product of its altitude and the area of its base. 

For any parallelnplped is equivalent to n rcciangiilar pamllelopiped having 
an cquiviilent base and the same altitude {4Td). 

487. Cob. 4. — Pnrallelopipedsof the same or equivalent bases are 
to each other as their altitudes, and those of the same altitudes are to 
each other as their bases. And, in general, parallelopipeds are to 
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DeH.— tsl. LetE-ABDbealriAogalttrprisra. Com- 
pile llie parallelopiped E-ABCD. Then is E-ABD = 
i E ABCO (473). But Uie Tolume of E-ABCD is 
L-qtinl to its altitude into its base ; hence the volume 
of E.ABD is equal to ila altitude into }ABCO, or 
ABD. 

2d. A.aj prism may be dlTided into partial, tri- 
angular prisms, by passing planes tliroiigli one edge 
and rII tlie other non-adjaceut edges, as in tbe figure. 
Let H be tbe altitude of Ibe wbolc prism, Ibea is it 
also tbe common altitude of the partial prisms. Now, 
the Tolume of cnch triangular prism ia H into its 
base ; hence, the sum of tlie volumes is H Into the 
snm of the bases, i.e., H into the Imse of tlie whole 

489. Cob. 1. — T/ie volume of a right prism 
in equal to the product of its edge into its 
base. 

490. CoE. 2. — Prisms of the same altitude 
are to each other as their bases; and prisms 
of the same or equivalent bases are to each 
other as their altitudes; and, in ffeneral, 
prisms are to each other as the products of 
their bases and altitudes. 




ihe cylinder, ^ 

equal to llie /r~ 



. ° 



FROFCHirnoN xn. 

491. Theorem* — 7^e volume of a cylinder of revolution is 
equal to the product of its base and altitude, i. a, wR'H, H being the 
altitude aiid R the radius of the base, 

Deu, — Inscribe any regular right ])rism ii 
as in (481). Tlie volume of this prism is 
product of its base and nllilude; and tbis c 
tiie fact as tbe number of sides of the polygon forming tlie 
biiae is auccessiTely doubled, and tbe prism approaches 
equality wiMi llie cylinder. Hence, as the volume of tbe 
prism is alaag* equal to the product of itH base and alti- 
tude, and as the altitude of the prisra remains equal to the 
altitude of the cylinder, this fact is tru» when the number 
of tbe sides of the base of the prism is t?i^n>'f«;^ multiplied ; . 
wlience the volume of the cyljn'ler U equal to the pmduct 
of its base and altitude. Now, Ii ht-in^ tbe radius of tbe 
base, Ibe ares of the base ia wR' (?) : hence, the volunte of 
the cylinder is eqnnl to ffWH. 
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49 2 » Gob. — The volume of any cylinder is equal to ihe product 

of its base into its altitude. 

This can be demonstrated in a manner altogether analogous to the case 
given in the proposition. 



493. Similar Solids are such as have their correspoDdiDg 
solid angles equal and their homologoas edges proportional. 

494. Similar Cylinders of reTolntion are such as have their 
altitudes in the same ratio as the radii of their bases. 

495. SomologotiH Edges of similar solids are such as are 
included between equal plane angles in corresponding faces. 

lLL'8.~The idea of similarity in the case of solids is the same as in the 
case of plane figures, viz., that of Ukenens of form. Thus, one would not think 
such a cylinder as one joint of stovepipe, similar to another composed of h 
hundred joints of the same pipe. One would be long and tery dim in propor- 
tion to its length, while the other would not be thought of as dim. But, if we 
have two cylinders the radii of whose bases are 2 and 4, and whose lengths are 
respectively 6 and 12, we readily recognize them as of the same shape: they 
are similar. 



PROPOSITION XnL 

» 
496. Theorem. — The lateral surfaces of similar right prisms 

are to each other as the squares of their edges {or altitudes) and as 

the squares of any ttco homologous sides of their bases, i. c, as Vto 

squares of any fioo homologous lines. 

Dem. — Let A,B, (7, Z>, and E^ be the sides of the base of one right prism 
whose edge (equal to its altitude) is H, and a, 6, c, c2, and d, the homologous 
sides of a similar prism whose edge is h. Letting A + B -^G •¥• D+ E^ P^ 
and a + 6 + c + (f+« = p, we have 

Pip :: A:a :: Bib : : C : c, etc. (?). 
But by hypothesis, H ihii A laii B ih^ etc. 
Uence, P ipiiHih (J). 

Now, Hih II Hihi^y 

Whence, P x 5" : p x A : : ^ : 7i« (?). 

And as H^ ih^ i i A^ i a" ii & il^, etc., 

we have P x Hip x 7i ii A* i a* iiB* :l^, etc. 

But P X H is the area of the lateral surface of one prism and p x A of tl:r^ 
other, whence the truth of the theorem appears. 
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FROPOsrnoN xiv. 

497. Theorem, — The volumes of similar prisms are to each 
other as the cubes of their homologous edges, and as the cubes of 
their altitudes. 

Dkm.— Let H-ABCDE ttod h-abcde be 
two similar prisms, orivbich A and a are 
oorrespouding trietlrab. PladngaBothat 
it wiU coiDcide witli A, all the Tacea and 
edftes of one will be parallel to or coinci- 
dent witli the correspoDdiag parts of tbe 
other, by definition {493). Let fall the 
perpend ieiilar FP upon the common base, 
or its plane produced, so lliat FP shall 
equal the altitude of H-ABCDE, and OP, 
intercepted between tbe planes of tbe iip]wr 
and lower buses of h-abcde, siiall be ila alti- 
tude. Call the forioer altitude H, anil Ibe 
latter ft. Siuce FP and AF are cut by 
parallel planes, we have 

AF : a/ : : H : ft; and AB : oi : : H : ft, 
since by defluKion AF : a/ : ; AB ; iib, etc. fio. scb. 

Call tbe base of H-ABCDE B, and of 
h-abede h. Now, as the bases are similar polygons, 

B : 6:: Al':^':rH' : ft'. 
But H : A : : AB : 06 : : H : ft. 

Hence, B X H : S X ft : : AB' : a? : : H' : ft*. 

Now, as B X H and A x ft are tbe Tolumes of the respective prisms, and as 




SLEMKHTABX SOLID GEOHETBT. 



PKOPOSmON XTL 
499. Theovem. — The volumes of similar cylinders of revolu- 
tion are to each other as the cubes of their allitudes, or as the cubes 
of the radii of their bases. 

Dem.— Using the same notation as in the last demonslmliaQ, tb* student 
ehoDid be able to give the reasons for the Atllowing slepa. 

R : f :: H ; A ((), whence jrR* : itr* ; : H' : V (?). Hnltiplying the last 
proportion by H :ft :r H : A, we have irlfH : «/"A : : H" : A', or as R' : r", 
eince H' : A' :: R* : r* (?). Now, irR'H and ar*A are the Tolumea of Uie 
cylinders (?) ; hence the volumes are to each other as the cubes of the altitudes, 
or as llie cubes or the radii of the bases. 4- b. a. 

Ben. — It is a general truth, that the surfaces or similar solids, of any form, are 
to each other as the squares of homok^us lines ; and their TOlumes aro as the 
cubes ofaoch lines. 



1. A farmer has two grain bins which are parallelopipeds. The 
front of one bin is a rectangle 6 feet long by 1 high, and the front 

of the other a rectangle 8 feet long by 4 high. They are built 
between parallel walls 5 feet apart The bottom and ends of the 
first, he Bays, arc " Rquare " (he means, it is a rectangular parallelo- 
piped), while the bottom and ends of the other slope, i. e., are oblique 
to the ftont. What are the relative capacities of the bins ? 

3. How many square feet of boards in the walls and bottom of the 
first bin mentioned in Ex. 1? 

3. An average sized honey bee's cell is a right hexagonal prism, 
.8 of an inch long, with faces ^ of an inch wide. The width of the 
face is always the same, but the length of the cell varies according 
to the space the bee has to fill. Are honey bee's cells similar ? Is a 
honey bee's cell of the dimensions given above, similar to a wasp's 
cell wiiich is 1.6 inches long, and whose feee is .3 of an inch wide? 
How much more honey will the wasp's cell hold than the honey 
bee's ? 

4. How many square inches of sheet-iron does it take to make a 
joint of 7-inch stovepipe 3 feet 4 inches long, allowing an inch and 
a half for making the Beam ? 

5. A certain water-pipe is 3 inches in diameter. How mach water 
ia discharged through it in 24 hours, if the current flows 3 feet per 
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minnte? How much through a pipe of twice as great diameter, at 

the same rate of flow ? 

(J. What is the ratio of the length of a hogshead holding 125 gal- 
lons, to the length of a keg of the same shape, holding 8 gallons? 

7. What are the relative amounts of cloth required to clothe 3 
men of the same form (similar solids), one being 5 feet high, another 
5 feet 9 inches, and the other 6 feet, provided they dress in the same 
style? If the second of these men weighs lo6 lbs., what do the 
otiiers weigh ? 

8. If a man 5^ feet high weighs 160 lbs., and a man 3 inches taller 
weighs 180 lbs., wliich is the stouter in proportion to his height? 

9. I have a prismatic piece of timber from which I cnt two blocks 
both 5 feet long measured along one edge of the stick; but one 
block is made by cutting the stick square across (a right section), 
and the other by cutting both ends of it obliquely by parallel planes, 
making an angle of 45° with the same face of the timber. Which 
block is the greater ? Which has the greater lateral surface ? 

10. How many cnbic feet in a log 12 feet long and Z feet 5 inches 
in diameter? How many square feet of inch boards can be cut 
firom such a log, allowing i for waste in slabs and sawing ? 



SECTION IV. 

OP PTBAMIDS AND CONES. 



SOO. A Pyramid is a solid having a polygon for its base, 
and triangles for its lateral faces. If the base is also a triangle, it is 
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polygon, and the perpendicular from whose vertex falls at the middle 
of the base. Thia perpendicnlar is called the axis. 

SOS. A Frustum of a pyramid is a portioQ of the pyramid 
intercepted between the base and a plane parallel to the base. If 
the cutting plane is not parallel to the base, the portion intercepted 
is called a Trtincated pyramid. 

S04, Tiie Slant Height of a right pyramid is the altitnde 
of one of the triangles which form its faces. The Slant Height of a 
Fruttum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the frustum. 




Ill's. — Tbe student will be able to find illustrationa of the d&fiaitions in tbe 
accompany ing figures. 

505. A Conical Surface is a surface traced by a line which 
passes through a fixed point, while any other point traces a curve. 
The line is the Generatrix, aud the curve the Directrix. The fixed 
jKiint ia the Vertex. Any line of the snrface corresponding to aome 

~ position of the generatrix is called an Element of. the surface. 

506. A Cone of Revolution is a eolid generated by the 
revolution of a right angled triangle around one of ita sides, called 
the Axis. The hypotenuse describes the Convex Surface of the 
cone, aud corresponds to the generatrix in the preceding definition. 
The other side of the triangle describes the Base. This cone is right, 
since the perpendicular (the axis) falls at the middle of the base. 
The Slant Height ia the distance from the vertex to the circnmfei'-. 
ence of the base, and ia the same as the hypotenuse of the generating 
triangle. 

507. The terms Frustum and Truncated are applied to the cone 
in tbe same manner as to the pyramid. 
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308. A pyramid is said to be htscribed in a cone when the buse 
of the pyramid is inscribed in the base of the cone, and the edges of 
the pyi'amid are elements of the snrface of the cone. The two solids 
have a common vertex and a common altitude. 

S0&. If the generatrix be considered as an indefinite stmight 
line passing through a fixed poitit, the portions of the line on oppo- 
site Bides of the point will each describe a conical surface. These 
two Buri'aces, which in general discussions are considered but one, aie 
called Nappes. The two nappes of the same cone are evidently 
alike. 

Ill's. — In the figure, (a) represents a conical Burfiic<^ wbicb lias tlie curve 
ACB for ils directrix, and SA for its generatrix. Tlie figureB indicate the suc- 




cessive pnsiliiins iif tbe p[>int A, as it passes nround the curve, wliile the poinl S 
remains fixed. (6) represenla a Cone of Bewliitum, or s right cone willi s cir- 
cular base. It may be considered as generated in the general way, or by tlie 
liglit angled triangle SOA revolving aboiil SO na an axis. SA describes the 
convex surface, and OA the bsBe. The figure (c) represents the Frvetvm of a 
cone, Uie portion above the plane abc being supposed removed, figure (d) rep- 
resents tbe two ni^pipes of an oblique cone. 



PROPOSmOS L 
510. Theorem:-~Any section of a pyramid made iff a phi- 
parallel to its base is a polygon similar to the hose. 



ELEKENTART SOLID GEOMBTilY. 



Dbm.— The McUonaiatf«ur the pyramid S-ABCDE, made bj a plane puiilM 



Since AB and ab are iaUrsectiona of two parallel 
(ilnnea by a third plane, they are parallel (?). 80 
also be is parallel to BC, ed to CD, etc. Heoce, 
angle 6 = 8, c = C, etc, (?), and the polygons are 
mutually equiaogulsr. Again, ab : AB :: Sb : SB. 
and Ae : BC :: SA : SB (F). Hence, ab : &; :: AS 
' BC (?). In like manner, ne can show that be : 
af :: BC ; CO, etc. Therefore, abede and ABCDE 
are routually etjuiangular, and liave their corre- 
sponding sides proportional, aud arc consequeDtly 
similar. <}. E. D. 




PROPOSITION n. 

511. Theorem. — If two pyramids of ike same aUilude are cut 
hy planes equally distant from and parallel to their bases, thesecttom, 

are to each other as the bases. 

De«.— Let S ABC and S'-A'B'C'O'E' Iw 
two pyramids of the same altitude, cut by 
the planes abe aud a'b'e'ie', parallel to aod 
at equal diatancea from their bases ; then i>< 
abe : ab'e'de' : : ABC : A'B'C'D'r. 

For, conceive the bases in Ihe same 
plane. Let SP = S'P' be the common alti- 
tude, and Sp = S'p' the distances of the 
cutting planes from the vertex. We have 

^'o SOS. ABC T oie : ; ab' r rtT : : SP' : ^ (?). 

Also, A'B'C'D'E' : «-6Vtf«' : : A^'' ■.'^' :: S'^" : Sy' (T). 
Whence, as SP = S'P', and Sp = S'p' (?). we have 

abe : a'i'edV : : ABC : A'B'C'D'E' (f). q. s. O. 

512. COE. — If tlie bases are equivalent, the sections are also 

equivalent. 




FROFOSmON m. 

513. Theorem. — Tlie area of the lateral surface of a right 
■pyramid is equal to the perimeter of the base multiplied by one-half 
the slant height. 

Dbu. — The faces of auch a pyramid are equnl isosceles trinngles (F), whose 
GommoD altitndc is the slant lieight of the pyramid (F). Hence, tbe area of 
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tliese triangles is ibe product of one-half the slant height into 1 
bases. But this is the lateral surface of the pjramid. (See 

S14. CoE. — 77ie area of the lateral surf ace of the 
frustum of a right pyramid is equal to the product 
of its slant //eight into half the sum of the perimeters 
of its bases. 

The student will be able to give the proof. It is taaed 
apon [32{l) sud definitluns. 



FBOFOSrriON IT. 

SIS. Theoretn.-~T/ie area of the convex surface of a cone of 

revolution {a right cone with a circular base) is equal to (he product 

of the circumference of its base and one-half its slant height, i. e., 

wRH', R being the radius of the base, and H' tlie slant height. 

Dbh. — In the circle which forms tlic base <if tlie cone, conceive a legubir 
polygon inscribed, as abode. Joining the vertices of llie 
angles of this polygon with the vertex of the com.', there 
will be constructed a right pyramid inscribed in the cone. 
Now, if the arcs subtended by tlie sides of Ibis twlygonare 
bisected, and these again bisected, eta, and at eveiy step 
a right pyramid conceived as inscrilKd, it will alanyt 
remain true that the lateral surface of the pyramid is ilic 
perimeter of its base into half its slant height. But. 
as the number of faces of the pyramid is inci'eiiseil, 
the perimeter of the base approaches the circumfereDcu 
of the base of the cone, the slant height of the pyramid 
approaches the slant height of the cone, and the lateral Pm. ■■>» 

surface of the pyramid approaches the convex surface 
of the cone. Hence, at the limit we still have the same expiessitin lor ilio 
area of the convex surface, that is, the circumference of the t)ase miiltipliud by 
half the slant heighL Finally, if R ia the radios of the base, its drcumfercnce 
Is 3!tE, and H' being the slant height, we have for the area of the convex sui^ 
&ce a«R X iff, or a^RH'. 

SIG. Cor, 1. — The area of the convex surface of a cone is also 
tqiial to the product of the slant height into the circumference of the 
circle parallel to the base, and midway between the base and vertex. 

This follows directly fkim the fact that the radlns of the circle midway 
between the base aud vertex is one-half the radius of the base, t.«.,iR, whence 
its circumfetenoe is xR. Now, sR x H' is the area of the conrez surfoce, by 
On proposition. 
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Sn, Cor. %.—Tbe area of the convex surface of the fruaium of a 
cone it equal to the product of its giant height into half the sum of 
the circumferences of its bases; i e^ jt (R + r) H', R and r being 
the radii of its bases, and H' its slant height. 

Frnm the correapundiDg property of llw (hntDin of & pyramid, tbe student 
wUl be able to deduce the fitct that i (2«It + inr) H', or « (R -t- r) H', is tbe 
area oi this Bur&ce. 

SIS. Cor. Z.—The area of the convex surface of the frustum of a 
tone is equal to the product of its slant height into the circumference 
of the circle midway between the bases. 

The radioB of the circle midway between the baaea iaifr + R), whoncc iia 
circam&rence is ir(r + R). Now, ir (r + R) x H' la the area of the conrex 
BurfHce c^ Hie fhwtuiD, by the preceding coroliuy. 



PBOFOsrnoiT t. 



S19. Theorenu — 7W pgramids having eguivalent bases and 
the same altitudes are equivalent, Le, equal in volume. 

Drh.— Let S-ABCO and S'-A'B'CD'E' be two pyramids having the same 
altitudes, and base ABCO equivalent 
to base AB'C'D'E', t«., equal in area; 
then is pyramid S-ABCD equivalent 
to S'-A'B'C'D'E', t.«.,equRlin volume^ 
For, conceive the baaeR to be in lie 
same plane, and a plane to start from 
coincidence with the plnne of tbe 
bases, and move toward ibe vertices, 
remuning all tbe lime parallel to the 
bases. At eveiy stage of its progress 
j^ tbesectionsaTeeqidvalenl.andas tiic 

plane reaches both vertices at the 
same time, by reason of the common altitade, it is evident tliat the volumes are 

Or, if desired, we may consider the two pyramids as divided into an equal 
number of infinitely thin lav^na parallel 1o the bases. Each lamina in one I^aa 
lis corresponding equlvalen' lamina In the other ; bence the sam of nil the 
lamina in one equals the sum of ell the lamina in the other ; >'. «■, the pyramida 
■re equivalent. 




OF PI&UODS AND OONXa 
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520. Theoretn, — ITie volume of a triangular pyramid is equal 
to oiie-thtTd the product of its base and altitude. 

Deu. — Let S-A8C be a triBiiigulu' pyramid, 
whose altitude ia H"; theo ia the volume equal _^ » 

toiH X area ABC. 

For, tlirougji A tind B draw Aa and Bb paral- 
lel to SC; and through S draw Sa and Sb 
parallel to CA and CB, and join a and b; then 
Soi-ABC is a prism with its basea equal to the 
tmse of the pyramid. Now, tlie BulicI added to 
the given pjrramid la a qaadraiigiilar p^'ramid 
with oiBA aa its baae, and its reriex itt S. Divide 
thia into two triaogular pyramids by draw- 
ing aB and pasain^ a plane Uirough SB and 
aB. These triangular pyramids are equtva- 
lent, aince they have equal bases oAB and abB 
and a common altitude, the vertices of both being at S. Again, S-abB may be 
conaidered aa having aiS [equal to ABC) as its bnse, and tbe altitude of the flrsl 
pyramid (equal to the altitude of the prism) for its altitude, and hence S> 
equivalent to the given pyramid. Tberefore S-ABC is one third of the prism 
Sai-ABC. But the volume of the prism is H x area ABC. Therefora the 
volume of the pyramid S-ABC is JH x area ABC. q. E. D. 

521. CoE, 1. — The volume of any pyramid is equal to one-ikira 

the product of its iase and altitude. 

Dkk.— Since any pyramid can be divided into trian- 
gular pyramids by passing planes through any one edge, 
aa SE, and each of Uic other edges not adjacent, aa SB and 
SC, the volume of the pyramid is equal to tiie sum of the 
volumes of several triangulnr pyramids having the same 
altitude as the given pyrnmid, and the sum of whose basea 
]a the base of the given pyramid. Hence the truth of the 
corollaiy. 

S32. Cor. 3. — Pyramids having equivalent bases 
are to each other as their altitudes; such as have equal altitudes 
are to each other as their bases; and, in general, pyramids are 
to each other as the products of their bases and altitudes. 




* Not drawn in the flcnre, iMt It mictat ci 
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PROPOSITION TIL 

S23. Theorem. — The volume of the frustum of a triangular 
pyramid is equal to the volume of three pyramids of the same 
altitude as the frustum, and whose bases are the upper base, the lower 
base, and a mean proportional between the two bases of the frustum. 

Deu. — Let ode-ABC be the fmstum of a triangu- 
lar pyramid. Through ab ami C pass a plane cutting 
off the pyramid C-abc. This has for its base the 
upper base of the frustum, and for its altitude the 
altitude of the frustum. Again, draw Ab, and pass 
a plane through M and bC, cutting off the pyramid 
6- ABC, which has the same altitude as the frustum, 
and for its base the lower base of the frustuoL 
There now remains a third pyramid, b-kCa, to be ex- 
amined. Through b draw bD parallel to oA, and 
draw DC and aO. The pyramid D-ACo is equiva- 
lent to b-ACa, since it has the same base and the 
same altitude. But the former may be considered as 
haying ADC for its base, and the altitude of the frustcun for its altitude, •'. a., 
as pyramid o-ADC. We are now to show that ADC is a mean proportional 
between abc and ABC. 

ABC 
Also, ABC 

whence 




Fie. 819 



abe : 
ADC 



AD^C?). 



: AB : ab : : AB 
:: AB : AD (?); 

ABC' : ADC' :: AB* : AD* (?). 

By equality of ratios, ABC : abe :: ABC* : ADC*; 

whence ADC =. abe x ABC, i. «., ADC is a mean proportional between tlie 
upper and lower bases of the frustum. 

S24. Cob. — The volume of the frustum of any pyramid is 
equal to the volume of three pyramids having the same altitude as 
the frustum, and for bases, the upper base, the lower base, and a 
mean proportional between the bases of the frustum. 

For, the frustum of any pyramid is equivalent to the corresponding frustum 
of a triangular pyramid of the same altitude and an equivalent base (?); and 
the bases of the frustum of tlie triangular pyramid being both equivalent to 
the corresponding bases of the given frustum, a mean proportional between 
the triangular bases is a mean proportional between their equivalents. 



PROPOSITION vm. 

32S. Theorem. — The volume of a cone of ^evolution is equal to 
one-third the product of its base and altitude; i. e., ^;rR*H, R beir^ 
the radius of the base and H tlie altitude. 
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OP PYBAMEDS AND CONES. 207 

Bbm. — ^This follows from the yolame of a pyramid, by a course of reasoning 
precisely the same as in {J51S). The volume of a pyramid being equal to one- 
third the product of the base and altitude, and the cone being the limit of 
the pyramid, the volume of the cone is one-third the product of its base and 
altitude. Now, R being the radius of the base of a cone of revolution, the 
base (area of) is ;rR', whence i^rR'H is the volume, H being the altitude. 

526. Cor. 1. — The volume of any cone is equal to one-third the 
product of its base and altitude. 

527. Cor. 2. — The volume of the frustum of a cone is equal to 
the volume of three cones having the same altitude as the frustum, 
and for bases, the upper base, the lower base, and a msan propor- 
tional between the two bases of the frustum. 

The truth of this appears from the fact that the frustum of a cone is the 
limit of the frustum of a pyramid. 



PROPOSITION X. 

« 

529» Theorem. — The convex surfaces of similar cones of rev(h 
lution are to each other as the squares of their ^lant heights, the radii 
of their bases, and their altitudes ; i e., as the squares of any two ho- 
mologous difnensions. 

Dbxm.— Let H' and h' be the slant heights of two similar cones of revolution, 
R and r the radii of their bases, and H and h their altitudes; their convex 
surfaces are ieB.R' and nrh'. Now, since the cones are similar R : r : : H' : A'. 



PROPOSITION 

528* Theorem* — The lateral surfaces of similar right pyra- 
mids are to each other as the squares of their homologous edges, their 
slant heights, and their altitudes ; i. e., as the squares of any two 
hamologous dimensions. 

Dem. — ^Let A and a be homologous sides of the bases of two similar right 
pyramids, H' and h' their slant heights, H and h their altitudes, and P and p 
the perimeters of their bases ; then — 

(1) P : p : : A : a, because the bases are similar polygons ; 

(2) A : <z : : H' : h\ because the faces are similar triangles ; 

(3) H' : A' : : H : A (?). 
WThence, F:p ::Bf :h'i 
and, as iH' : iA' : : H' : A', 

multiplying, we have JP x H' : Jp x A' : : H'' : A'« : : A* : a' : : HM h\ But 
^P X H' and ipxh' are the areas of the lateral surfaces. 
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HnltiplylDg Ihs lermt of tbU prc^<»tioD by the ctHrespoDding tenns of *K • 
xh' :: U' : h', we bno — 

nRH' : xrh' :: H' : A", 
Hence the convex mataces ate u the squiim of the slaut heights, and lince 
R L r : L H' ! A' : : H : ft (f), R' : r* : ! H'» : A'* : : H' : ft" i and conaequenllj 
«RH':«»*'::IP:r«::H':A*. 



PROPOSITION XL 

S30t Theorem. — The volumes of similar pyramids are to each 
other as the cubes of their homologous dimensions. 

Dkm. — Letting A and a be homologous Bidea of the bag«a of two similu 
pjrrunldi, B (Ud 6 their bases, and H and ft their altitudes, the student should 
be able to give thereasona for thefolloniag proportiong : 

B : * : : A' : a' : : H' : AV 

iH:ift:: A. ;a::H :ft. 
Whence iBH : iM : : A' : a* : ; H' : A*, q. s. D. 



FBOPOsmoif xn. 

531, Theorenu — The volumes of similar cones are io each other 
as t/te cubes of their altitudes, or as the cubes of the radii of their 
bases. 

Deu. R and r being the radii of their bases, and H and A their amtades, 
R' r r* :: H» : A' (?), and R* : r* : : H' : A'. 
Also, IcH : J[Cft :: H: A. 

Mullipljhig, \xR'H : fjxr'h : : H* : A', or as R' : r". Q. a. D. 



1. What ia the area of the lateral Borface of a right hexagonal 
pyramid whose base is inscribed in a circle whose diameter is 30 feet, 
the altitude of the pyramid being 8 feet ? '^Iiftt is the volume of 
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CIBCLES OF TSE 8FHEBE. 



PBorosmoH l 




SaS, S^ieoretn. — Every section of a sphere, made hy a pktTie^ 
a circle. 

Dbh. — Lei AFEBD be a eectiim of n sphere 
nhose centre in O. made bj a plane; (ben is it a 

For, let &I1 ftom the centre O n perpendicular 

; npon tlie plane AFEBD, ns OC, and draw CA, CD, 

CE, CB, etc, lines of the plane, from the Toot of Ihe 

perpendicular to any points in which the^ pl:ino 

cuts the BnrTace of (he sphere. Join these points 

with the centre, O, of the sphere. Now, OA, OD, 

OB, OE, etc., beinjt radii, are eqnal; whence, CA, 

Fib. am CD, CB, CE, etc., are eqnal ; i. «., erery point in Die 

line of iDlersection of a plane and surfiice of a 

sphere Is cqnallj distant from a pcnnt in this plane. Hence, the intersection is 

a tnrcle. (t. it d. 

S3d. Dbf. — A circle made by a plane not passing throngh the 
centre is a SmaU Circle; one made bj a plane passing through the 
centre is a Great Circle. 

B3S. Cor. 1, — A perpendicular from the centre of a sphere, vpon 
any smail circle, pierces the circle at its centre; and, conversely, « 
perpendicular to a small circle at its centre passes through the centre 
of the sphere. 

536. Dep. — A diameter perpendicnlar to any circle of a sphere 
is culled the Axis of that circle. The extremities of the axis are 
the Poles of the circle. 

537. Cor. 2. — TTie pole of a circle is equally distant from every 
point in its circtitnference. 
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539, Coa t — A small circle is leas as its distance from the cen- 
tre of the sphere w greater. 

For.its diameter, tieing a chord of a great circle, is less as it is fiirther from 
the ceaire of ibe great circle, which is alao Ihe centre of the sphere. 

540. Cor. 5. — All great ctrdes of the same sphere are equal, theii 
r^lii being the radius of the sphere^ 



PROPOSITION n. 

S41, ITieoretn, — Any great circle divides the sphere into tteo 
equal parts called Hemispkeies. 

Dbu. — Conceive a sphere as divided bj a great circle, i. e., bj a plane passing 
through its centre, and let Ihe great circle be considered as the base of each 
portion. These bases being equal, reverse oae of the portiuos and conceive 
its base placed in the base of the other, the convex surfaces being on the same 
side of the common base. Since the bases are eqnal drcles, tliey will coincide, 
and since every point in the convex surface of ea^li portion is equally distant 
flrom the centre of the common base, Ihe convex surfaces will coincide. There- 
fore, the portions coincide throughout, and are consequently eqnaL 4. s. D. 



PEOPOsmoN m. 

542. Theorvntt — The intersection of any two great circles of a 
sphere is a diameter of the sphere. 

Drh.— The intersecdon of two planes is a slralght line; and in the case of 
the two great circles, as lliey both pass through the centre of the sphere, this is 
one point of their intersection. Hence, the intersection of two great circles of 
a t^here is a straight line which passes through Ihe centre, i^. c d. 

543. Cos.— The intersections on the surface of a sphere of two 
circumferences of great circles are a semi-circumference, or 180°, 
apart, since they are at opposite extremities of a diam^er. 



DKTANCXS m THE SUBFiCB OF A SPHSBE. 

S44. Distances on the anrfitoe of a sphere are always to be imder- 
stood OS measured on. the arc of a gnat circle, unless it ia otherwise 
stated. 
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PROPOSITION IT. 
S4S, Theorem* — The distances, measured en the surface of a 
iphere, from a pole to all points in the circumference of a circle of 
which it is the pole, are equal. 

Dru. — Let P be a pole of the smkll circle AEB ; 
then are the arcs PA, PE, PB, etc., which measure 
the distances on the surface of tlie sphere, from P 
to uij points in the ciretinifereDce of circle AEB, 
equal. For, b^ i537). the straight lines AP, PE, 
PB, etc., Are equal, and these equal chords subtend 
eqnalarcs.asarcPA, arcPE, arc PB, etc, the great 
drclM of which these lines are chords and arcs 
being equal (540). Thus, for like reasons, ar^ 
Fie. 8H. PQA = arc P'LE = arc P'BB, etc 

S4^. Cob. — The distance from thepole of a great circle to any 
point in the circumference of the circle is a quadrant (a quarter of a 
circumference ). 

Since the poles are 180' apart (being the eztremlliee of a diameter), PAaP* = 

PELP* = a semicircamference. But, incase of a great circle, chord PL = chord 
. PL (= chord PQ = chord P'Q), whence arc PEL = arc P'L « arc PAQ = are 

PQ. Hence, each of these arcs is a quadrant 

B47- ScH. — Bf means of the facts demonstrated in 
this proposition and corollary, we ore enabled to draw 
arcs of small andgreatcircles, in thesurfhceof aspberc, 
with nearly the same facili^ as we draw arcs and 
lines in a plane. Thus, to draw the small circle AE8, 
we tske an arc eqnal U> PE, and placing one end of it 
at P, canse a pencil held at the other end to trace the 
arc AEB, etc. To desctibe the circumference of a great 
circle, a quadrant most be used for the arc. By bend- 
ing a wire into an arc of the circle, and making a loop 

in each end, a Tooden pin can be put through one loop and a crayon thtougb 

the oiber, and on aio drawn as represented in the figure. 



PBOPOSmON T. 

S4S. JProbleni.—To pass a circumference of a great circlt 
through ang two points on the surface of a ^>here. 



DISTANCES ON THE SUBFAGE OF A SPHEBE. 
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SoLtmoN. — Let A and B be two points on the sur- 
face of a sphere, through which it is proposed to pass a 
circumference of a great circle. From B as a pole, with 
an arc equal to a quadrant, strike an arc on^ as nearly 
where the pole of tne circle passing through A and B 
lies, as may be determined by inspection. Then, from 
A, with the same arc, strike an arc st intersecting on at 
P. Now, P is the pole of the great circle passing through 
A and B. Hence, from P as a pole, with a quadrant arc 
draw a circle ; it will pass through A and B, and will 
be a gi'eat circle, since its pole is a quadrant's distance 

from its circumference. [The student should make the constructiou on the 
spherical blackboard.] 

S49» Cor. 1. — Through any two points on the surface of asjyhere^ 
one great circle* can always he made to pass, and only one, exce2)t 
when the two points are at the extretnities of the same diameter, in 
which case an infinite number of great circles can be passed through 
the two points. 

Since the arcs on and st are arcs of great circles, the circumferences of which 
they form parts will intersect also on the opposite side of the sphere, at a dis- 
tance of a semicircumference from P. But these two points are poles of the 
same great circle. Now, as the two great circles can intersect at no other points, 
there can be only one great circle passed through A and B. But if the two 
given points were at the extremities of the same diameter, as at D and C, the 
arcs 8t and on would coincide, and anp point in this circumference being taken 
as a pole, great circles can be drawn through D and C. [The student should 
trace the work on the spherical blackboard.] 

/)»50. ScH. — The truth of the corollary is also eyident from the fact that 
tliree points not in the same straight line determine the position of a plane. 
Thus A, B, and the centre of the sphere, fix the position of one, and only one, 
great circle passing through A and B. Moreover, if the two given points are at 
the extremities of the same diameter, they are in the same straight line 
with the centre of the sphere, whence an infinite number of planes can be 
passed through them and the centre. The meridians on the earth's surface af- 
ford an example, the poles (of the equator) being the given points. 

S51» Cor. 2. — If two points in the circumference of a great circle 
of a sphere^ not at the extremities of the same diameter, are at a 
quadrafifs distance from a point on the surface, that point is the 
pole of the circle. 



* The word circle may be nnderetood to rorer either to the circle proper, or to its cir- 
<imference. The word is in conttant aee in the higher mathematics, in the latter ten&e. 
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FiQ. 317. 



PROPOSITION TL 

B52. Theorem. — Tlie shortest distance on the surface of a 
sphere, between any two points in that surface, is measured on the arc 
less than a semicircumference of the great circle which joins them. 

Bem.— Let A and B be any two points in the sur- 
face of a sphere, AB the arc of a great circle joining 
them, and AmCnB any other path in the surface be- 
tween A and B ; then is arc AB less than AmCnB. 

Let C be any point in AmCnB, and pass the arcs of 
great circles through A and C, and B and C. Join A, 
B, and C with the centre of the sphere. The angles 
AOB, AOC, and COB form the facial angles of a trie- 
dral, of which angles the arcs AB, AC, and CB are the 
measures. Now, angle AOB < AOC + COB (J34); 
whence arc AB < arc AC -p arc CB, and the path from 
A to B is less on arc AB than on arcs AC, CB. In like manner, joining any point 
in kmC with A and C by arcs of great circles, their sum would be greater than 
AC. So, also, joining any point in CnB with C and B, the sum of the arcs 
would be greater than CB. As this process is indefinitely repeated, the path 
from A to B on the arcs of the great circles will continually increase, and also 
continually approximate the path kinOnB. Hence, arc AB is less than the 
path kmCnB, q^ s. d. 

S53m Cor. — The least arc of a circle of a sphere joining any 

two points in the surface, is the arc less fhafi 
a semicircumference of the great circle pass- 
ing through the points ; and the greatest arc 
is the circumference minus this least arc. 

Dem. — Let AmBn be any small circle passing 
through A and B, and ABDoC the great circle. As 
shown above, ApB < AmB. Now, circumference 
ABDoC > circumference AmBn(539). Subtracting 
the former inequality from the latter, we have 
BDoCA > BnA. Q. £. D. 




FiJ. 318. 



PROPOSITION vn. 

S54. Theorem. — Tlie shortest path on the surface of a hemi' 
sphere, from any point therein to the circumference of the great circle 
forming its base, is the arc less than a quadrant of a great circle per- 
pendicular to the base, and the longest path, on any arc of a great 
circle, is the supplement of this shortest path. 
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Fig. 821. 



657. A Spherical Angle is the 

angle included by two arcs oigrmt circles. 

III. — BAC, Fig. 821, is a spherical angle, and is 
conceiTed as the same as the angle B'AC, B'Aand 
C'A being tangents to the grecU drcUs BADF and 
CAEF. [The student should not confound such an 
angle as BAC, Fig. 320, with a nplierical angle.] 




Fio. 8-22. 



PBOPOSinON TIIL 

SS8. Theorem. — A spherical angle is equal to the measure oj 
the diedral included by the great circles whose arcs form the sides of 
the angle. 

Dem. — ^Let BAC be any spherical angle, and 
BADF and CAEF the great circles whose arcs BA 
and CA include the angle ; then is BAC equal to 
the measure of the diedral C-AF-B. For, since two 
great circles intersect in a diameter {542), AF is 
a diameter. Now B'A is a tangent to the circle 
BADF, that is, it lies in the same plane and is per- 
pendicular to AO at A. In like manner CA lies 
in the plane CAEF and is perpendicular to AO. 
Hence B'AC is the measure of the diedral C-AF-B 
{423). Therefore the spherical angle BAC, which is the same as the plane angle 
B'AC, is equal to the measure of the diedral C-AF-B* q. b. d. 

S39. Cor. 1. — If one of two great circles passes through the pole 
of the other, their circumferences intersect at right angles. 

Dem. — Thus, P being the pole of the great circle 
CABm, PO is its axis, and any plane passing through 
PO is perpendicular to the plane CABm {427)- 
Hence, the diedral B-AO-P is right, and the spheri- 
cal angle PAB, which is equal to the measure of the 
diedral, is also right. 

S60. Cob. 2. — A spherical angle is meas- 
ured by the arc of a great circle intercepted 
Fio. 8^. between its sides, and at a quadranfs dis- 

tance from its vertex. 

Thus, the spherical angle CPA is measured by CA, PC and PA being quad- 
rants. For, since PC is a quadrant, CO is perpendicular to PO, the edge of the 
diedral C-PO-A, and for a like reason AO is perpendicular to PO. Hence, COA 
is the measure of the diedral, and consequently CA, its measure, is the measure 
of the spherical angle CPA. 
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SGlt Cor. 3. — The angle included iy two arcs of small circles is 
the same as the angle included by two arcs of greqi circles passing 
through the vertex and havi?ig the same tangents. 

Thus BAC - B"AC". For the angle BAG is, by 
defluilion, tlie sanie as B'AC, B'A and C'A being 
UngentB to BA and CA Now, paesiiig planes 
thntugh C'A, B'A, and the centre of the ephere, 
we have the arcs B"A, C"A, and B'A, C'A tangents 
to them. Hence, B"AC" is Uie aame as B'AC, and 
conseqnently the same as BAC. 

B62. 8cH.— To draw an are of a great drek 
which thaU be perpeTidiexilar to another ; or, tshat Fis. 3S4 

M Vi« tame thing, to amttruct a right tpherieal angle. Let it be required lo erect 
an arc ofa great circle perpendicular to CAB at A, ^. 333. Lay off from A, on 
the arc CAB, a quadrant's distance, as AP', and from P' or a pole, with a quad- 
rant describe an arc passing through A; This will be llie perpendicular required. 

In a similar manner we may let fall a perpendicular from any point in the 
Bni-face, upon any arc of a great drde. To let fall a perpendicnlar from P" upon 
the arc CAB, from P" aa a pole, vrith a quadrant describe an arc catting CAB, 
IS at P'. Then from P' as a pole, with a quadrant describe an arc passing 
through P" and cutting CAB, and it will be perpendicular to CAB. [The stu- 
dent sboold have practice in making these constmctionB on the sphere.] 




PROPOSITION IX. 

SG3. FroMetn. — To pass the circumference of a small circle 
through any three points on the surface of a sphere. 

SoLTTTiON. — Let A, B, and C be the three points in the surface of tlie sphere 
through which we propose to pass the circumference of 
a circle. Pass arcs of great circles throagh the points, 
forming the spherical triangle ABC. Thus, to pass an 
arc of a great circle tiirough B and C, from B as a pole, 
with a quadrant strike an arc aa near as may be to the 
pole of the required circle ; and from C as a pole, with 
the quadrant strilce an arc intersecting the former, as at 
P ; then is P the pole of a great circle passing through 
B and C (?). Hence, from P aa a pole, with a quadrant 
pass an arc through B and C, and it will be tlie arc re- Fio. as!. 

quired {55 1). In like manner pass area throagh A and 
C, A and B. Now, bisect two of Qiese arcs, as BC and AC, I^ area of great 
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circles perpendicular to each. [Tlie student will readily perceire how tUs is 
done.] Theinteraectionoftheaeperpendiculsra, 0, will be Ihe pole of the small 
circle required (?). Tiieu I'rotn <j, as a pole, wiih an arc oB draw the circum- 
ference of a small circle : it will paas ttirougli A, B, and C(f), and hence is ttie 
drcumference required. 



OF TAN«ENT PLAHES. 

S64. A Tangent Plane to a curved surface at & given point 
is the plane of two lines respectively tangent to two plane sections 
through the point. 

III. — Let P be a point in the curved 
surface at which we wisli a tangent 
plane. Paaa any two planes through 
the surface and the point P, and let OPQ 
and MPN represent the intersections of 
these planes with the curved surface. 
Draw UV and ST in the planes of the 
aecUons, and tangent to OPQ and MPN, 
Fib. no. at P. Then is the plane of UV and ST 

the tangent plaue at P. 



PBOPOSmON X. 
SBS, Theorem. — A tangent plane to a sphere is perpendicular 

to the radius at the point of tangency. 

Deu. — Let Pbe any point in the surface 
of a sphere ; pws two great circles, as PaA, 
etc, and PmAR, through P, and draw ST 
tangent to the arc mP, and UV tangent to the 
arcaP; tlien is tlie plane SVTU a tangent 
plane at P, and perpendicular to the radius 
OP. For, a tangent (as ST) to the arc mP is 
perpendicular to the radius of the circle, t. «., 
to OP, and also a tangent (as VU) to the arc aP 
is perpendicular to ihe radius of thi» circle, 
i.e,, to OP' Hence, OP is perpendicular to 
two lines of the plane SVTU, and conse- 
Pia. 8«T. quently to the plane of these lines (0- 

q. B.D. 

566. Coft. \.— Every point in a tangent plane to a sphere, except 
the point of langeney, i» wilkmtt the sphere. 
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For, OP, the perpendicular, ia shorter than any line which can he dniwn 
rrum O to any other point in the plane (?), hence anj other point in the plane 
iliiin P lies farther from the centre of the sphere than the length of the radios, 
ttnd is, therefore, withont the sphere. 

jT«y nfin_ 9 — A fn-nnimi thrMinh t> in iVv rirrU nf fhf snhfro 
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PROPOSITION XJL 

B70. Theorem. — The sum of the sides of a spherical triangle 
may he anything between and a nrcumference. 

Dem. — The sides of a spherical triaDgle are measures of the facial angles of a 
tricdral whose vertex is at the centre of the sphere. Hence their sum may be 
anything between and the measure of 4 right angles, as these are the limits 
of the sum of the fiu^ial angles of a triedral {436). 

S71» ScH. — Aa the Aides of a spherical triangle are arcs, they can be meas- 
ured in degrees. Hence, we speak of the side of a spherical triangle as 80*", 
57^, 115* 1(K, etc. In accordance with this, we say that the limit of the sum of 
oLe sides of a spherical triangle is 360"*. 



PROPOSITION xm. 

S72. Theorem. — The sum of the angles of a spherical triangle 
may be anything between two and six right angles. 

Dem. — The sum of the angles of a spherical triangle is the same as the sum 
of the measures of the diedrals of a triedral having its vertex at the centre of 
the sphere, as in (569), Now the limits of the sum of the measures of these 
diedrals are 2 and 6 right angles {4:39). Hence the sum of the angles of any 
spherical triangle may be anything between 2 and 6 right angles, q. e. d. 

573m ScH. — It will be observed, that the sum of the angles of a spherical 
triangle is not constant, as is the sum of the angles of a plane triangle. Thus, 
the sum of the angles of a spherical triangle may be 200°, 290**, 350°, 500°, any- 
thing between 180° and 640°. 

574:. Def. — Spherical Mccess is the amount by which the 
sum of the angles of a spherical triangle exceeds the sam of the 
angles of a plane triangle ; t. e., it is the sum of the spherical angles 
—180% or n. 

III. — ^It is not difficult to observe the occasion of this excess in the case of the 
( quilateral spherical triangle. Thus,let ABC be such a triangle. Conceive the plane 

triangle formed by the chords AB, AC, and CB. 
The sum of the angles of this plane triangle is 
180°. Bat each angle of the spherical triangle 
is larger than the corresponding angle of the 
plane triangle. Thus, the spherical angle BAG is 
the same as the plane angle CAB', included be- 
tween the tangents C'A and B'A, which are per- 
pendicular to the edge of the diedral C-AO-B,and 
Fm. 890. include its measuring angle. Now, CA and BA 
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being diflPerent line? frcy^ C'A and B'A are oblique to the edge AO, and in- 
clude an angle less than its measure, and consequently less than CAB. For 
a like reason the plane angle ACS < the spherical angle ACS, and plane angle 
ABC < spherical angle ABC. Moreover, it is easy to see tliat the inequality 
between any plane angle and the corresponding spherical angle increases as the 
chords BA and CA deviate more from the tangents. Whence we see why the 
sum of the angles of the spherical triangle is not a fixed quantity. 

S7S» Cob. — A spherical triangle may have one, two, or even three 
right angles; and, in fad, ii may have one, two, or three obtuse 
angles ; since, in the latter case, the sum of the angles will not neces- 
sarily be greater than 540°. 

S76* Bi&F.—A Trirectangvlar Spherical Triangle is 

a spherical triangle which has three right angles. 



PROPOSITION XIY. 

577. Theorem* — The trirectangular triangle is one-eighth of 
the surface of a sphere. 

Dem. — Pass three planes through the centre of a sphere, respectively per- 
pendicular to each other. They will divide the 
surface into 8 trirectangular triangles, any one of 
which may be applied to any other. Thus, let 
ABA'B', ACA'C, and CBC'B' be the great circles 
formed by the three planes, mutually perpendicu- 
lar to each other. The planes being perpendicular 
to each other the diedrals, as A-CO-B, C-BO- A, 
C-AO-B , etc., are right, and hence the angles of 
the 8 triangles formed are all right. Also, as AOB 
is a right angle, AB is a quadrant ; as BOC is a 
right angle, CB is a quadrant, etc. Hence, each 
side of every triangle is a quadrant Now any one triangle may be applied to 
any other. [Let the student make the application.] Hence the trirectangular 
ti-iangle is one-eighth of the surface of a sphere. Q. B. D. 

578. Cob. — The trirectangular triangle is equilateral and its 
sides are quadrants. 




PBOPOSITIOir XV. 

57<?. TJieorem. — In an isosceles spherical triangle the angles 
opposite the equal sides are equal ; and, conversely, If two angles of 
a spJierical triangle are equal, the triangle is isosceles. 
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Deh.— Let ABC be nn isosceles Spherical trinagle in which AB = AC; then 

@anj;le ABC = ACB. For, draw the radii AO, CO, and 
BO, forming the edges of the trledral O-ABC. Now, 
since AB = AC, the facial angles AOC and AOB are 
equal, and the triedral is iaosceles. Hence the dic- 
ilrals A-OB-C and A-OC-B are equal (442). and con- 
sequently the spherical angles ABC and ACB are 
equal {0S8). Again, if angle ABC = niigle ACB, side 
AC = side AB. For in the triedral O-ABC, the die- 
Fm S31 ''™'^ A-OB-C and A -OC-B are equal, whence the fhcial- 

anglea AOB and AOC are equal (443), and con.w- 
quently the sides AB and AC which measure these angles. 

SSO' Coa. — An equilateral spherical triangle is also equiangular j 
and, couversely, 1/ the angles of a spherical triangle are equal the . 
triangle is equilateral. 



FBOFOSinOS XTI. 

581. Theorem, — On the same or on equal spheres two isosceles 
triangles having two sides and the included angle of Ike one equal to 
two sides and the included angle of the other, each to each, can be 
superimposed, and are consequently equal. 

Dem.— In the triangles ABC and AB'C, let AB = AC, AB' = AC; and let 
AB = AB', BC =B'C', and angle ABC = AB'C'j then 
can the triangle AB'C be superimposed upon ABC. 
For, since the triangles are Isosceles, we have angle ABC 
= ACB, AB'C - ACB', and, as by hypothesis ABC = 
AB'C, these four angles are equal each to each. For a 
like reason AB - AC - AB' - AC. Now, applying 
AC to its equal AB, the extremity A at A and C at B, 
with the angle B' on the same side of AB as C, the con- 
vexities of tbe arcs AC and AB being the same, and in 
the same direction, the arcs will coincide. Then, aa 
angle ACB' = ABC, C'B' will take the direction BC, and since these arcs are 
equal by hypothesis, B' will fall at C. Hence B'A will fall in CA.'as only one 
arc of a great circle can pass between C and A, and the triangle AB'C is super- 
imposed upon ABC ; wherefore they are equal. [Let the student give the 
application when other parts are assumed equal.] 

582. Symmetrical Splterical Triangles are such aa 
have the parl:s (sides and angles) of the one respectively equal T:o the 
parts of the other, but arranged in a different order, so that the tri- 
angles are not capable of superposition. 




OP SPHERICAL TBIANGLE8. zlW 

Ii.i.— Tn J^. 888, ABC and A'B'C represeni symmetrical spherical tri- 
BDgles. tn Uieae triangles A = A', B = 6', C = C, 
AC = A'C, AB = A'B', and BC = B'C ; neverthe- 
less we cannot conceive one triangle superimposeii 
upon tlie other. Thus, were we to make tlie at- 
tempt bf placing A'B' In Ita equal AB, A' at A, and '^ 
B' at B, the angle C would &11 on the opposiie side 
of AB from C. Now, we cannot revolve A'C'B' on 
AB (or its chord), and Hins make the t<)ro coincide, 
for tbis would bring their convexities together. 
Norcan we make them coincide by reversing A'B'C, Fio. an. 
■ tmd placing B' at A, and A' at B. For, although 
these two arcs will thus coincide, as the angle B' is 
not equal to A, B'C will not foil in AC ; and, again, 
if it did, C would not fall at C, since B'C and AC are 
not equal. 

But, considering tbe triangles ABC and A'B'C in 
Pig. 334, in which A = A', B = B', C = C, AC = 
A'C, AB = A'B', and BC = B'C, we can readily 
coDceive the latter as supeilmposed upon the former. 
[The student should make (he application.] Now, Fia. 38J. 

tbe two triangles are equal in each case, as will 
subsequen tly appear of the former. Such triangles aa 
those in Fl!/.Si3 are called tyfametrically eguoi, while 
the latter are said to Iw equal by luperpoiition. 

Fig- 3!I5 represents the same triangles as Fig. 334, 
and exiiibita a complete projection* of the semidr- 
cumferenc^es of which the siiles of the triangles are 
arcs. The student should becorne perfectly fiuniliar 
with it, and be able to draw It readily. Thus, aAB& 
is the projection of the semicircumference of which Via. 335. 

AB is an arc, oACe of the semicircumference of which AC is an arc, etc., etc 



pBOFOsmom xtil 

583. Theorem, — Symmeirical spherical triaiiffles are eguiva- 



Uni. 



• To DaddreUad wbit is meant bj the projecllon of theas lines, concsive a hemiephen 
Mlth ItE base on the paper, and repri^reuted b; the circle o&e. sad all theatce laleedap from iba 
paper u the; woald be on the eurbcc ofgDcti a hemisphere. Thae, conaiderlng the arcaABft, 
the ends a and b would be In the peper Jni't where Ibey are, bat the rerl or the are would be 
off the paper, a* though joa conld take bold oF B and ralte It from the paper ivhjie a and b 
remain ax«d. The llnea in tbe flgiire are representation a of line* on (be *arlbce of such a 
bemispbere, ai the; wonld appear to an c;e aitoated la tbe axl' of the circle tUic. and al an 
loftDlte dbtanCB tram it ; that la, Juat aa If each point In the llnea dropped /MrpenificiilaWv 
down upon Ihe paper. Arcs of great circles perpendicular to th* baaa are projected In straight 
linen paisinjc Ihrongh the cenlre, and ohllqae arc* are projected i» ellipaes, Soo SpKtrical 
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Dsx.— Let ABC «tid A'B'C be two ajtnmeirical spherical triBngles, with AB 
= AB', AC = A'C. BC = B'C, A = A', B = B', and C = C; tben are they 
equl Talent 

For, pass drcumlferences of Btnall circles through the 

lices A, B, C and A', B', C, as aie aDd a'b'e', of which 

and o' are the poles. [The student shontd execute Uiis 

on (lie spherical blacklmard.] Now, by reaaon of the 

mutual equatitf of the udes, the cAord AC = chord A'C, 

c/iord AB = cAord A'B', and chord BC = eJiard B'C, and 

u the small ciiclea are circumscribed about the equal 

ptoM triangles ABC and A'B'C, these circles are equal 

Hence, oA = <?'A' = oB = afB' = oC = i/C. The tri- 

""■ ""■ angle AuB is therefore equal to A'o'B', BoC = B'o'C'.and 

AdC = A'o'C'. [The student should make tlie application of these equal tri< 

angles.] Hence, ABC is equivalent to A'B'C, as the two Bie composed of equal 

If the poles of the small circles fell without the giren triangles, ABC would 
be eqoiralent to the sum of two of the partial triangles mmus the third. 




PROPOSITION XTm. 
S84t Theorem, — On the same or equal spheres, two spherical 
triangles having two sides and the included angle 
o/tlte one equal to two sides and the included 
angle of the other, each to each, are equal, or sym- 
metrical and equivalent. 

Dkic.— Let ABC and A'B'C, Fig. 337, be two spherical ' 
triangles having AB = A'B', AC = AC, niiil A = A'. Iti 
thiscase.as the partsnre Biiiiilnrly urranged, iiy pl.tcing AC 
in its equnl A'C, AB will fall in its eqi^ni A'B' (as A = A'}, 

Fis. aST. ^jj^ ^j|g j^^ triangles will coincide. Hence, tliey are f qunl. 

Again, let the two triangles be ABC and A'B'C, Fig. 338, 
in which AB = A'B', AC = A'C, and A = A', the parts 
not being similarly arranged, so that the triangles are 
incapable of superpositioD. TliU9,if AB is placed in Its 
equal A'B', A at A', and B nt B', C and C will fall on 
cj^TiOMte sides of AB. We may, however, construct ABC, 
Fig. 337, symmetrical with A'B'C in this figure, and ap- 
ply ABC olFKg. 338 to it, and find that they coincide. 
Now, ABC, Fig.SSn, and A'B'C, Fig. 338, are eqnivaler.t 

ri8. an. (5SH) ; hence ABC, Fig. SS»,'^ equivalent to A'B'C, 

i%.888. 

ass. SCH.— This proposition is virtually the same as {4^ concerning trie- 
drals. Thus, in F^. 1X1, drawing the radii AO, BO, CO, A'O, B'O, and CO, two 
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triedralB are fonned, having the ftdal angle AOB = A'OB , AOC = A'OC, 
the incliidecl diedrala equal, and the parts similarly disposed, vhence the trie— 
drals are equal. In like mauner the triedral 0-ABC, Fig. 338, is Bjinmetrical 
and eqnlralent to O-A'B'C, JPtg, 888. Heuce, in either case, all the parts of 
one spherical triangle aro equal to all the parts of the other, each to each. 



PBOPOSinON XIX. 

586. Theorem. — On the same, or on equal spheres, two sphev'- 
cal triangles having two angles and the included side of the one equal 
to two angles and the included side of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dkm. — Using the Bsme Iriaoglea es in the preceding propoailion, the Btiident 
should be able to make Ihc application directly, when the porls lire Bimilarlf 
disposed; and when not similarly disposed, lie should be able to show that 
ABC, of Fig. 338, can be applied to ABC, mg. 337, syminetrical wilU A'B'C, 
rtg. 838. 

587. ScH. — This proposition li also Tirtually the same as (^7) concerning 
triedrals. Let tlie student point out the identity. 



PROPOSITION XX. 

S88t Theorem. — On the same, or on equal spheres, if two 

fpherical triangles have two sides of the one equal to two sides of 
the other, each to' each, and the included angles unequal, the third 
sides are unequal, and the greater third side belongs to the triangle 
having the greater included angle. Conyerselj, If the two sides are 
■ equal, each to each, and the third sides unequal, the angles included 
by the equal sides are unequal, and the greater belongs to the triangle 
having the greater third side. 

Dui.— In the triangles ABC and A'B'C, let AB = A'B", 
AC = A'C, and A > A' ; then is BC > B'C. For, Join tiie 
verticefl with the centrt;, forming the two triedrals C-ABC 
and O-A'B'C. In these Medrals AOB = A'OB', AOC / 
= A'OC, being measured by equal arcs; and C-AO-B I 
> C'-A'O-B', having the same measures as A and A' {5S8). 
Heuce COB > COB' (449). Therefore CB, the meaa 
of COB, is greater than C'B', the measure of COB'. 

Inlikemanner,thesamedde9of the triangles, and con- Ptq ss». 

■eqnently the same facial angles of llic IriedmU, being granivd cqii.il, 

15 
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BC > B'C, A > A', For, BC beiog greater tliaii B'C, COB > COB" ; wbcnno 
B-AO-C > B -A'O-C' (4S0). or A is greater lUao A'. 



PROFOsmo^r xxl 

S89. Theorem- — On tlie same, or on equal spheres, two spheri- 
eal triangles having the sides of the one respectively equal to thg sides 
of the other, or the angles of tfie one respectively equal to the angles 
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called supplemental, since the angles of one are the Bapplemeats of 
the sides opposite in the other, as wilt appear heieaft«r. 



PROPOSITION xxm. 

S92, Prohlem, — Having a spherical 
triangle given, to draw its polar. 

SoLunoK.— Let ABC be the given triangle.* From 
A as a pole, willi a quadrant Btrike an arc, as C'B'. 
From B as a pole, with a qnadrant eUike the arc 
C'A' ; and from C, the arc A'B'. Then is A'B'C 
polar to ABC. 

59S, CoE^ — If one triangle is polar to 
another, conyersely, the latter is polar to the 
former ; i. e., the relation is reciprocal. 

Thus, A'B'C being polar to ABC ; i^ciprocally, ABC is polar to A'B'C ; that 
Is, A' is the pole of CB, B' of AC, and C of AB. For erery point in A'B' la 
at a quadrant's distance from. C, and everf polot in A'C is at a quadrant's dis- 
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PBOPOsmoN xxir. 

S9S. Theorenu—Any angle of a spherical triangle is tki 
supplement of the side opposite in its polar triangle; and any side 
is the supplement of the angle opposite in the polar triangle. 

DaiL— Let ABC and A'B'C be two epberical ui- 
anglea polar to each other; and let the sides of 
each be designated as o, b, e, a\ ft', c*, a bein|[ 
opposite A, a' opposite A', 6 opposite B, etc. Then 
A = 180° - a', B = 180° - ft', C = 180° - c", o = 
180° - A', ft = 180° - B', and c = 180° - C. 

For, Join the Tertices of the triangles with the 
centre of the sphere, thus forming the triedrala 
0-ABC, and O-A'B'C. These triedrals are sup- 
plemental ; for, A being the pole of C'B', AO is the 
axis of the great circle of which C'B' is an arc (?), 
hence is perpendicular to the plane COB', and 
consequently to OB' and OC (?). In like manner, 
> the plane A'OC, and hence to OA' and OC. So, also, 
o OA' and OB'. Now, these triedrals being supplement- 
ary, the diedral B-AO-C is the supplement of the fiicial angle COB' [4S8) ; or, 
since the diedral B-AO-C is the same as the spherical angle A, and the facinl 
angle COB' is measured by a', A is the supplement of a', i. e., A = 180° — a'. 
For like reasons, B = 180° - ft', and C = 180° - c'. [Let the student ^e them 
in fhll.] Again, the diedral B'-A'O-C is the supplement Of the bcial angle 
COB {438); whence A' = 180° - a. In like manner B' = 180° - ft, and C = 
190° -e. 

Sbcond Demob BTSATioB.— Let ABC and A'B'C be two 
polar triangles. Let CB, CA, and AB be represented by a, 
b, and o respectively, and C'B', CA', and A'B' hy o', 6', and tf. 
To show that A = 180° — a', produce b and e. If necessary, till 
tiiey meet the side of, of the triangle polar to ABC, in e and 
a Now A is measured by ed {SfiO). But, since C'd= 80°, 
and B'e = 90°, C'd + B'«, or C'B' + ed = 180° ; whence trans- 
posing, and putting a' for C'B', we have «J = A = 180° ~ a'. 
ler C'g + A'/= CA' +fff = 180° ; whence fg=B = 180° - CA', 
or 180° ~ I/. So, also, C = 180° — c". To show that A' = 180° - a, consider 
that A' being the polo of CB, ^ is the measure of A', Now B/ = 90° (?), and 
Ct" = 90° ; whence B/ + Cf = 180". But B/ + C* =fi *■ a, wherefore fi + a = 
180°. and transnodne. and ttuttine A' for fif, we have A' = 180° — a. In like man- 



is perpendicular t 

Is perpendicular U 




In like D 
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<{tJADR4TUBE OF THE SURFACE OF THE SFHE^. 

SitB' l^he Quadrature * of a surface is the same as finding its 
area. The term is applied under the conception that the procese 
consists in finding a square which is equivalent to the given enrfaca 



PR0F4^ITI01K XXT. 
597. Leni'mat — The surface generated by the revolution of a 

regular semi-polygon of an even number of sides, about the diameter 
of the circumscribed circle as an axis, is equivalent to the circum- 
ference of the inscribed circle multiplied by the axis. 

Dem.— Let ABCDE be one half of a regal&r octagon, AE ^ 

beiog ihc diameter of tbe circnmacribing circle. If the semi- 
perimeter ABCDE be revolved about AE aMan axis, the BOr&ce 
generated will beSnr x AE,rbeiiig tlie radios of the inscribed 
circle, as aO, or bO. 

This surface is composed of the convex surfaces of c«ues 
and frustums of cones. Thus AB generates the aurfkce of a 
coDe, BC the fhiBtnm of & cone, etc Let a aud i be tbe mid- 
dle points of AB and BC, and draw am. Be, Cm, and CO per- 
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Ii98m 8cH. — This proposition is only a particular case of surfaces generated 
by any broken line revolring about an axis ; and tlie general proposition can be 
established in a manner altogether similar to the method given above. But this 
case is all that wc need for our present purpose. 




QJL. ^.. 



PROPOSITION XXTL 

S99» Theorem. — The surface of a sphere is equivalent to four 
great circles ; that is, to 4;rR% fi being the radius of the sphere. 

DsiL^Let the semicircomference A6C0E revolve upon 
the diameter AE, and thus generate the surface of a sphere. 
Conceive the half of a regular octagon inscribed in the 
semicircle. Call the radius of the inscribed circle, as aO, r, 
and let AO = R The surfiice generated by the broken line 
ABODE is, by the last proposition, 2irr x 2 R = AnrK Now, 
conceive the arcs AB, BC, etc., bisected, and the chords diawn^ 
and let r' be the radius of the circle inscribed in the regular 
polygon thus formed. The surface generated by this semi- 
polygon will be 4«'r'R. By repeating the bisections, the 
broken line approximates to the semicircumferonce, the radius 
of the inscribed circle to R, and the surface generated to the surface of the 
sphere, the three quantities reaching their limits at the same time. Hence at 
the limit we have 

Surf, of sphere = 2;rR x 2R =t 47rR«. Q. s. n. 

600* Cob. 1. — The area of the surface of a sphere is equivalent to 
the circumference of a great circle multiplied by the diameter , that isj 
%7tJi X 2R, as above. 

601. Cob, 2. — The surfaces of spheres are to each other as the 
squares of their radii. 

Thus, if R and R' are the radii of two spheres, the sur&ces are 4^R' and 
4jrR'«. Now, 43rR« : 4;rR'* : : R» : R'«. 



Fig. 816. 



602. Def. — A Zone is the fK)rtion of the surface of a sphere 

included between the circumferences of two parallel circles of a 

sphere. The altitude of a zone is the distance between the parallel 

circles forming its bases. 

III. — The surface generated by arc CB, or any arc of the cirde ABODE, 
Fig, 346, in its revolution, conforms to the definition, and is a zone. Such a 
portion of the surface as is generated by AB is called a zone with (me base, the 
circle whose circumference would form the upper base h&ving become tangent 
to the sphere. 
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PBOPOsiTiox xxvn. 

603* Theorem* — TJie area of a zone is to the area of the surface 
of the sphere as the altitude of the zone is to the diameter of the 
^herej which gives for the area of a zone 27tSkR, a being the altitude 
of the zone, aiid R the radius of the sphere. 

Dbm. — It is evident that in passing to the limit the surface generated by such 
a portion of the broken line as would lie between C and B, Fig. 346, would 
be measured by the circumference of the inscribed circle multiplied by cO. 
Hence, at the limit, the zone generated by arc BC is measured by 2;rR x cO, that 
is, it is such a part of the surface of the sphere as (O is of AE, or 2R. I/etting a 

represent the altitude cO, the fraction ^ represents the part of the surface of 

the sphere constituting the area of the zone. Hence, 4;rR* x -— , which equals 

2Iv 

2^aR, is the area of the zone. 

GOd* CoK. — On the same or on equal spheres^ zones are to each 
other as their altitudes. 



OF LUNES. 

605* A Z/Ufie is a portion of the surface of a sphere included 
by two semicircumferences of great circles. 

The surface fiimBn is a lune. 

606 • The Angle of the Lune is the angle in- 
cluded by the arcs which form its sides ; or, what 
is the same thing, the measure of the diedral in- 
cluded between the great circles. 

Thus, the spherical, angle mAw, or Ihe measure of the 
diedral m-AB-n, is the angle of the lune AmBn. 




PROPOSITION xxvra. 

607. Theorem. — The area of a lune is to the area of the surface 
of the sphere on which it is situated, as the angle of the lune is to 
four right angles. 

Dbm.— Let ACEB be a lune whose angle is the spherical angle CAB, or what 
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te the same thing, the plane angle BOC mouored 
bjr the arc CS, of which AisUtepole; then is 
hint ACEB : twfaee eftplttrt : : CAB : 4 r^ angle*. 
For, nippoH the arc CB cDmmentarable wiih the 
circorofereQce BCmDn, and snppose that they are 
to each other as S : 24. Dividhig 6C into 6 eqaal 
arcs, and the entire circimireience BCmOn inlo 24 
arcs of the same length, and passing arcs of great 
circlea through A and these points of division, tlie 
lone wUl l>e divided into 5 equal Inuea, and the 
entire amface into 24 equal lunes of the same size. 

That these Innes are cqnal to each otlier is erident from the tact that they are 

composed of equal isosceles triangles. Hence, 

lune ACEB : mrfaee ^ rphert : : 5 : 84. 

Nov, €m^ BOC : 4 ■righi angle* : : BC (= S) : BCmOn (= 24). 

Therefore, IumACEB : turfaeeofipheTt i: BOC(orCAB) : H right angl«i, 

since the circumference measures 4 right ngles. 

If BC has no finite common measure with the circamference, we maj divide 

it into any number of equal arcs, bisect these arcs, then bisect the last formed, 

and continue the process of bisection (in conception) to any required extent ; 

and as, when any one of the area thus obtained is applied to the circDmference, 

if it is not an exact meaaiire. the remainder is less than the arc. we can continue 
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PROPOSITION XXX. 

612m Theorem. — The area of a spherical Mangle is to the area 
of the surface of the hemisphere in which it is situated, as its spheri- 
cal excess is to four right angles, or 360°. 

Deh. — Let ABC be a spherical triangle whose angles are represented by A, 
B, and C ; then is 

area ABC : 9Uff, of hemisphere : : A + B + C — 180° : 4 right angles, or 300°. 

Let lune A represent the lune whose angle is the an- 
gle A of the triangle, i, e.y angle CAB, and in like man- 
ner understand lune B and Iutu C. 

Now, triangle AHC+ AEO = hine A ifill\ 
BHI + BEF = lune B, 
CCF + CDI = lune C . 

Adding, 2ABC + hemisphere = lune(k + B + C)*, (1) 
since the six triangles AHC, AED, BHI, BEF, CCF, and 
CDI, make the whole hemisphere and 2ABC be- 
sides, ABC being reckoned three times. Fi*om (1), we 
have by transposing and remembering that a hemi* 
sphere is a lune whose angle is 180°, and dividing 

by 3, 

ABC = i^und (A + B + C - 180°). 

But, by (607), 

\lune{k + B + C — 180°) : surf, of hemisph. : : A + B +C — 180° : 4 ligUangles. 

Therefore, ABC : surf, of hemisph, : : A + B + C — 180° : 4 right angles. 

€13* ScH. l.-^To find the a/rea of a spherical triangle on a given sphere^ 
the angles of the triangle being given, we have simply to multiply the 
area of the hemisphere, ». 0., 2nB?y by the ratio of the spherical excess 
to 860°. Thus, if the angles are A = 110°, B = 80°, and C = 50°, we have 




a/rea ABC = 2«rR* x 



A + B + C -180' 
360° 



= 2^R«X3^ = i^R.. 



614. ScH. 2.— This proposition is usually stated thus: The area cf a 
spherical triangle is equal to its spherical excess muUipUed by the trtrectangvlour 
triangle. When so stated the spherical excess is to be estimated in terms of 
the right angle ; i, e., having subtracted 180° from the sum of its angles, we are 
to divide the remainder by 90°, thus getting the spherical excess in right angles. 
Li the example in the preceding scholium, the spherical excess estimated in this 
110° + 80° + 50° - 180° 



way would be 



90' 



= I ; and the area of the triangle would 



♦ ThlB signifies the lune whose angle is A + B + Ci which Is of conrse the snm of the 
three lones whoBe angles are At Bf &Qcl C* 
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be I of the trirecUngulor triangle. Now, tlie irirecUnguUr triangle bdiig i of 
the snrfkce nf the sphere (B7T) U i of 4xR',or ixW. This multiplied by \ 
gives ivR', the same as above. 
The proportloD, 

ABC : mif. cf Tomitph. : : A -f- B + C — 180* : 860', 
ia readily put iuto a form ivhich agrees with the euunciatioii as given in tbis 
adtolium. Thus, tarf.ofkemitph. = 2irR', whence 

+ B+C-1M° 
W 



ABC = 27rK> x "^"IT"'"' = WR* > 
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FBOPOSinOTI XXXL 
SlSt Theorem.. — The volume of a sphere is equal to fhe arm 

of Us surface multiplied by \ of the radius, that is, ^wE', E being 
the radius. 

Dem. — Let OL — R be the radina of a sphere. 
Conceive a circumscribett cube, tbnt is, a cube whose 
faces are tangent planes to the sphere. Draw lines 
from tbe vertices of each of the polyedral angles of 
the cube, to the centre of Ihe sphere, as BO, CO, DO, 
AO, etc These lines are the edges of sIk pyramids, 
having for their bases the fiices of tbe cube, and for 
i\ common altitude tbe radius of the sphere (f). 
Hence the volume of the circumscribed cube is 
equal to its surfoce multiplied by iR. Fie. sua. 

Agwn, conceive each of the polyedral ani^les of 
the cube truncated by planes tangent to the tpha-e. A new circumscribed solid 
will thus be formed, whose volume will be nearer that of tbe sphere than is that 
of (he circumscribed cube. Let o&i represent one of these tangent planes. Draw 
from the polyedral angles of this new solid, lines to the centre of tbe sphere, as 
lO, W, and «0, etc ; 1he;e lines will form the edges offset of pyramids whose 
bases constitute the surface of tbe solid, and whose common altilude is the 
radius of the sphere (?). Hence tbe Tolume of this solid is equal to the product 
of its surface (the sum of the bases of the pyramids) into iR. 

Now, this process of tnmcsting the angles by tangent planes may be con- 
ceived as continued indefinitely ; and, to whatever extent it is carried, it will 
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616* Cor. — The surface of the sphere may he conceived as con^ 
sisting of an infinite number of infinitely small plane faces, and the 
volume as composed of an infinite number of pyramids having these 
faces for their bases, and their vertices at the centre of the sphere, the 
common altitude of the pyramids being the radius of the sphere, 

m 

617m A Spherical Sector is a portion of a sphere generated 
by the revolution of a circular sector about the diameter around 
which the semicircle which generates the sphere is conceived to 
revolve. It has a zone for its base ; and it may have as its other sur- 
faces one, or two, conical surfaces, or one conical and oue plane 
surface. 

III.— Thus let oft be the diameter around wb!ch 
the semicircle aCb revolves to generate the Itphere. 
The solid generated by the circular sector AOa will 
be a spherical sector having a zone (AB) for its base ; 
and for its other surface, the conical surface gene- 
rated by AO. The spherical sector generated by 
COD, has the zone generated by CD for its base ; and 
for Its other surfaces, the concave conical surface 
generated by DO, and the convex conical surface 
generated by CO. The spherical sector generated 
by EOF, has the zone generated by EF for its base, 

the plane generated by EO for one surface, and the concave conical surface 

generated by FO for the other. 

618. A Spherical' Segment is a portion of the sphere in- 
cluded by two parallel planes, it being understood that one of the 
planes may become a tangent plane. In the latter case, the seg- 
ment has but one base; in other cases, it has two. A spherical^ 
segment is bounded by a zone and one, or two, plane surfaces. 




PBOPOSITION XXXIL 

619» Theorem. — Tlie volume of a spherical sector is equal to 
the product of the zone which forms its base into one-third the radius 
of the sphere. 

Dbh. — A spherical sector, like the sphere itself, may be conceived as con- 
sisting of an infinite number of pyramids whose bases make up its surface, and 
whose common altitude is the radius of the sphere. Hence, the volume of the 
Bector is equal to the sum of the bases of these pyramids, that is, the spherical 
surface of the sector, multiplied by one-third their common altitude, which ii 
one- third the radios of the sphere. Q. B. D. 
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620» Cob. — The volumes of spherical sectors of the same or equal 
spheres are to each other as the zoties which form their bases ; and, 
since these zones are to each other as their altitudes {604), the sec- 
tors are to each other as the altitudes of the zones which form their 
bases. 



PROPOSITION xxxm. 

62 !• Theorem* — The volume of a spherical segment of one base 
is ;rA'(E — ^A), A being the altitude of the segment, and E the ra- 
dius of the sphere. 

Dbm.— Let CO = R, and CD = A ; tiien is the volume of the spherical seg- 
ment generated by the revolution of CAD about CO 
equal to *A'(R — JA). 

For, the volume of the spherical sector generated 
by AOC is tlie zone generated by AC, multiplied by 
4R, or 2;rAR x JR = JttAR*. From this we must 
subtract the cone, the radius of whose base is AD, and 
whose altitude is DO. To obtain this, we have DO 
:=R — A: whence, from the right angled triangle 

ADO, AD = VR« - (R - A)« = y^R - A«. Now, 
the volume of this cone is * 

40D X ?f ad', or i^(R - A) (2AR - A*) =;; 47r(2 AR« - 3A«R + A»). 
Subtracting this from the volume of the spherical sec- 
tor, we have 

?;rAR* - i;r(2AR« - 3A«R + A^) = 

;r(A*R - 4A«) = 7rA*(R - 4A). Q. e. d. 

^22. ScH.— The volume of a spherical segment 
with two bases is readily obtained by taking the 
difference between two segments of one base each. 
Thus, to obtain the volumes of the segment generated 
by the revolution of 6CAc about aO, take the differ- 
ence of the segments whose altitudes are oa and ah. Fio. 865. 




Pio. 854. 




EXERCISES. 

1. What is the circun^'erence of a small circle of a sphere whose 
diameter is 10, the circle being at 3 from the centre ? 

Ans., 25.1328, 

2. Construct on the spherical blackboard a spherical angle of 60°. 
Of45^ Of90^ Ofl20S Of 250°. 
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Suo'& — ^Let P be the point where the vertex of the required angle is to be 
Bituated. With a quadrant strike an arc from P, wliich shall represent one side 
of the required angle. From P as a pole, with a quadrant, strike an arc from 
the side before drawn, which shall measure the required angle. On this last arc 
lay off from the first side the measure of the required angle,* as 60", 45**, etc 
Through the extremity of this arc and P pass a great circle (S48). [The stu- 
dent should not fail to give the reasons, as well as do the work.] 

3. On the spherical blackboard constmct a spherical triangle ABC, 
having ab = 100°, AC = 80°, and A = 68°. 

4. Construct as above a spherical triangle ABC, having AB = 75°, 
A = 110°, and B = 87°. 

6. Construct as above, having AB = 150°, BC = 80°, and AC = 100°* 
Aiso having AB = 160°, AC — 50°, and BC = 85°. 

6. Construct as above, having A = 52°, AC = 47°, and CB = 40°. 

Suo's.—- Construct the angle A as before taught, and lay off AC from A equal 
to 47% with the tape. This determines the vertex C. From C, as a pole, with 
an arc of 40°, describe an arc of a small circle ; in this case this arc will cut the 
opposite side of the angle A in two places. Gall these points B and B'. Pass 
circumferences of great circles through C, and B, and B'. There are two tri- 
angles, ACB and ACB'. 

NoT£.— The teacher can multiply examples like the three preceding at pleas- 
ure. This exercise should be continued till the pupit can draw a spherical tri- 
angle as readily as a plane triangle. 

7. What is the area of a spherical triangle on the surface of a 
sphere whose radius is 10, the angles of the triangle being 85°, 
120°, and 150° ? Ans., 305.4 +. 

8. What is the area of a spherical triangle on a sphere whose 
diameter is 12, the angles of the triangle being 82°, 98°, and 100° ? 

9. A sphere is cut by 5 parallel planes at 7 from each other. What 
are the relative areas of the zones ? 

10. Considering the earth as a sphere, its radius would be 3958 
miles, and the altitudes of the zones. North torrid = 1578, North 
temperate = 2052, and North frigid = 328 miles. What are the 
relative areas of the several zones P 

Suo. — The student should be careful to discriminate between the vndih of a 
zone, and its altitude. The altitudes are found .^m their widths, as usually 
given in degrees, by means of trigonometry. 

* For this purpose a tape equal in length to a semicircomference of a great circle of the 
sphere aeed, and JUarked off Into 18^ eqnal parts, will be convenient. A strip of paper ma> 
be ased. 
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11. The earth being regarded aa a sphere whose radios is 3958 
miles, what is the area of a spherical triangle on its surface, the 
angles being 120°, 130°, and 150° F What is the area of a trirectan- 
galar triangle on the earth's surface P 

12. Constrnct on the spherical blackboard a spherical triangle 
ABC, having A = 59°, AC = 120°, and AB = 88°. Then construct the 
triangle polar to ABC- 
IS. Construct triangles polar to each of those in Examples 3, 4, 

and 5. 

14. In the spherical triangle ABC given a = 58% B = 67°, and 
AC = 81° ; what can you affirm of the polar triangle F 

15. What isthevolumeofaglobewhichisSfeetin diameter? What 
of a segment of the same globe included by two parallel planes, one 
at 3 and the other at 9 inches from the centre F 

16. Compare the convex surikces of a sphere and its circumscribed 
right cylinder and cone, the vertical angle of the cone being 60°. 

17. Compare the volumes of a sphere and its circumscribed cube, 
right cylinder, and cone, the vertical angle of the cone being 60°. 

18. If a and 5 represent the distances from the centre of a sphere 
whose radius is r, to the bases of a spherical segment, show that the 
volume of the segment ia n[r' (A -a) - \{b' — a')]. See {621, 

east). 



